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DECIDABILITY OF CLASSES OF FINITE

ALGEBRAS WITH A DISTINGUISHED SUBSET

CLOSED UNDER A DISCRIMINATOR CLONE

A b s t r a c t. We show that if T is the smallest discriminator clone on
a set A , then the �rst order theory of �nite powers of a �nite algebra
A with a distinguished subset closed under T is decidable. If A is a
primal algebra and C is any discriminator clone on A, then the �rst
order theory of �nite algebras from V(A ) with a distinguished subset
closed under C is decidable. In particular, the �rst order theory of
algebras from V(A ) with a distinguished subalgebra is decidable.

Let C be a clone of operations on a two element set. In [2] we have

proved that the �rst order theory of �nite Booleanalgebraswith distinguish

subsetclosedunder C is decidableif and only if C is a clonecontaining the

ternary discriminator function. Decidability of the theories referred to in

the abstract is a consequenceof the fact, that �nite discriminator subsets

of products of algebrashave a 'nice' orderedstructure, especially in caseof

Boolean algebras[3].
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In order to get the above results we translate each sentence in the
languageof algebraswith an additional unary predicate into the language
of Booleanpairs and usethe fact that the �rst order theory of �nite Boolean
pairs is decidable. The idea of our proof is basedon the oneof Ershov, who
found a translation from the languageof Booleanpowers into the language
of Boolean algebras. In [6] Werner uses the Ershov-style translation to
prove that the �rst order theory of �ltered Boolean powers is decidable.
He translates each sentence in the language of these structures into the
languageof Boolean algebraswith quanti�cation over �lters.

We start with somenotational conventions.

De�nition 1. If B is a Boolean algebra and G � B , then by B a we
denote a set of atoms of B and by SgB (G) we denote the subuniverseof
B generatedby G. We shall denote by SU(X ) the Boolean algebra of all
subsetsof X . For X 0 � X , a subsetD of AX and a;b 2 AX we introduce
the following technical notation:

1) [[a = b]] = f i 2 X : a(i ) = b(i )g,

2) ED = f [[x = y]] : x; y 2 Dg,

3) B D = hSgSU (X) (ED ); \ ; [ ; : ; � ; X i ,

4) D�X ′= f x�X ′ : x 2 Dg.

We say that D has the patchwork property if the following condition
holds

a;b 2 D & X 02 ED =) 9c2 D X 0 � [[c = a]] & : X 0 � [[c = b]] ;

where : X 0 = X n X 0:

De�nition 2. Let � = hX 1; : : : ; X k i be a sequenceof elements from
SU(X ). We say that � is a decomposition of X if X 1 [ : : : [ X k = X and
for every 1 � i < j � k we have X i \ X j = � : Evidently every partition of
X is a decomposition of X :
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If d1; : : : ; dk 2 AX and � is a k-element decomposition of X , then

d1�X 1 [ : : : [ dk�X k

denotes the function d 2 AX such that d(j ) = di (j ) if j 2 X i , for every
1 � i � k: If D � AX , then by Pg(D ; � ) we denote the set of all elements
d 2 AX satisfying the following condition: for every 1 � i � k there exists
y 2 D such that d�X i = y�X i :

The ternary discriminator function on a set A is the function t : A 3 !
A de�ned by t(x; y; z) = x if x 6= y, and t(x; y; z) = z if x = y: By T
we denote the clone of functions generatedby t i.e., the smallest clone of
operations on A containing the ternary discriminator function t.

De�nition 3. Let A be an algebra, C be a clone of operations on
the underlying set of A . The notation A � � C AX meansthat A � � AX

and A � is closedunder operations from C.

We de�ne the following classesof structures

1. P�n (A ; C) = fhA X ; A � i : X is �nite & A � � C AX g;

2. V�n (A ; C) = fhD ; D � i : D 2 V�n (A ) & D � � C Dg;

3. VP �n (A ) = fhD ; D � i : D 2 V�n (A ) & D � is a subuniverseof D g:

De�nition 4. Let hA X ; D i be a structure from P�n (A ; T). If G � D ,
then we say that G is a baseof D i� D = Pg(G; B a

D ).

Prop osition 5. Let A be an algebra and D � A X . Then we have
D � T AX i� D has the patchwork property.

Pro of. Let a;b 2 D and Y 2 ED . We pick c;d 2 D such that Y =
[[c = d]]. If D is closedunder t, then e = t(t(c;d;a); t(c;d;b); b) belongsto
D . One can easilycheck that Y � [[e = a]] & : Y � [[e = b]]. So,D hasthe
patchwork property. Let a;b;c 2 D . If D has the patchwork property, then
we can �nd an element d 2 D such that [[a = b]] � [[d = c]] & [[a 6= b]] �
[[d = a]]. It's enough to note that t(a;b;c) = d. Hence D is closedunder
the ternary discriminator, which was to be proved.
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Assumption: For Propositions 6{14 we assumethat A is a �xed
�nite algebra.

Let hA X ; D i be a structure from P�n (A ; T). We establish several
structural facts about this structure.

Prop osition 6. Let
T

ED = X � . We have:

1. D has the patchwork property,

2. ED = hED ; \ ; [ ; : � ; X � ; X i , where: � (x) = : x [ X � , is a subalgebraof
the interval Boolean algebra SU(X )jX � = h[X � ; X ]; \ ; [ ; : � ; X � ; X i .

Pro of. (1) is an easy consequenceof Proposition 5. For (2) we �x
a 2 D and show that for any b;c 2 D there is an element d 2 D, which
satis�es the following conditions:

(1) [[a = b]] \ [[a = c]] = [[a = d]],

(2) [[a = b]] [ [[a = c]] = [[a = d]],

(3) [[a = b]] [ [[a 6= c]] = [[a = d]]],

(4) [[b = c]] = [[a = d]].

This part of the proof is similar as in [6]. Using the patchwork property
we proceedas follows:

ad(1) We pick d 2 D such that [[a = b]] � [[c = d]] and [[a 6= b]] � [[b = d]].

ad(2) We pick d 2 D such that [[a = b]] � [[a = d]] and [[a 6= b]] � [[c = d]].

ad(3) We pick e 2 D such that [[a = b]] [ [[a = c]] = [[a = e]] and then we pick
d 2 D such that [[a = e]] � [[b = d]] and [[a 6= e]] � [[a = d]].

ad(4) We pick e 2 D such that [[a = b]] \ [[a = c]] = [[a = e]] and then we pick
d 2 D such that [[b = c]] � [[a = d]] and [[b 6= c]] � [[e = d]].

From (4) it follows that for every �xed element a 2 D we have that
ED = f [[a = x]] : x 2 Dg. From (1), (2) we know that ED is closedunder
[ and \ . SinceX is �nite, then X � =

T
ED =

T
f [[a = x]] : x 2 Ag is the

least element of ED and X = [[a = a]] is the greatest element of ED . From
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(3) we can conclude that X � [ [[a 6= b]] is a complement of [[a = b]] in the
interval [X � ; X ] becausewe have:

X � [ [[a 6= b]] [ [[a = b]] = X ,

(X � [ [[a 6= b]]) \ [[a = b]] = X � \ [[a = b]] = X � .

This completesthe proof.

The next proposition can be interpreted as a special version of the
patchwork property.

Prop osition 7. Let B a
D = f X 1; :::; X k g and d1; :::; dk belong to D .

Then the element d = d1�X 1 [ ::: [ dk�X k also belongsto D .

Pro of. Let us denote
T

ED by X � . First we show an easyfact that
if Y 2 BD , then Y [ X � belongs to ED . If Y 2 ED , then the claim is
obvious. If Y 62ED , then according to Proposition 6 we can represent
Y as a �nite sum of elements of the form Yi or : Yi or Yi \ : Yj , where
Yi ; Yj 2 ED (see[5], Proposition 4.4). From Proposition 6 we know that
(Yi \ : Yj ) [ X � = (Yi [ X � ) \ : � Yj 2 ED and : Yi [ X � = : � Yi 2 ED .
So, we obtain that Y [ X � belongsto ED . Moreover, one can easily check
that if X � 6= �, then X � 2 B a

D . We know, from Proposition 5, that D
has the patchwork property. Let B a

D = f X 1; : : : ; X k g and d1; : : : ; dk 2 D.
So, we can pick someelements c1; :::; ck � 2; c 2 D satisfying the following
conditions:

X 2 [ X � � [[c1 = d2]] & : (X 2 [ X � ) � [[c1 = d1]],

X 3 [ X � � [[c2 = d3]] & : (X 3 [ X � ) � [[c2 = c1]],
...

X k � 1 [ X � � [[ck � 2 = dk � 1]] & : (X k � 1 [ X � ) � [[ck � 2 = ck � 3]],

X k [ X � � [[c = dk ]] & : (X k [ X � ) � [[c = ck � 2]].

Now, if X i = X � , then c�X i = dk �X i = di �X i becauseX � is a minimal
element of ED : If X i 6= X � , then X i \ (X j [ X � ) = � for every 1 � i 6= j � k.
Onecaneasilycheck that if i = 1, then c�X 1 = ck � 2�X 1 = ::: = c1�X 1 = d1�X 1 .
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If 1 < i < k, then c�X i = ck � 2�X i = ::: = ck � (k � i +1) �X i = ci � 1�X i = di �X i . If
i = k, then c�X k = dk�X k . Thus c = d1�X 1 [ ::: [ dk�X k = d and d 2 D. The
proposition is proved.

Remark 8. From Proposition 7 we know that Pg(D ; B a
D ) � D . Since

for every d 2 D we have d = d�X 1 [ ::: [ d�X k , then D = Pg(D ; B a
D ).

Prop osition 9. If Y 2 B a
D , then j D�Y j � j A j.

Pro of. Suppose,contrary to our claim, that j D�Yj > j A j. Let j 2 Y .
Then there exist d1�Y ; d2�Y 2 D�Y and i 2 Y such that j 2 [[d1 = d2]] and
i 62[[d1 = d2]]. Hence 0 < [[d1 = d2]] \ Y < Y and [[d1 = d2]] \ Y 2 BD ,
becauseY and [[d1 = d2]] belong to BD . This contradicts the assumption
that Y 2 B a

D .

Prop osition 10. There exists G � D such that G is a baseof D and
j Gj�j A j. Moreover, EG � BD .

Pro of. Let us supposethat j A j= m; B a
D = f X 1; : : : ; X k g and D�X i =

f di 1 ; : : : ; di r i
g, where1 � i � k. From Proposition 9 we know that r i � m.

We de�ne g1; : : : ; gm 2 AX by putting gj = gj �X 1 [ ::: [ gj �X k , where

gj �X i =
�

di j ; if j D�X i j� j ;
di 1 ; otherwise.

Now, if d is an element of D , then by de�nition we have d�X i 2 D�X i ,
for every 1 � i � k. Thus there exists j � m such that d�X i = di j = gj �X i .
Hence d = gj 1 �X 1 [ ::: [ gj k �X k , where f j 1; :::; j k g � f 1; :::; mg. Then
D � Pg(G; B a

D ), where G = f g1; : : : ; gm g. From Proposition 7 it follows
that g1; : : : ; gm 2 D and Pg(G; B a

D ) � D . We can conclude that G is a
baseof D and j G j�j A j : SinceG � D , then EG � ED � BD . The proof
is now complete.

Prop osition 11. Let G � AX , � be a partition of X and G� =
Pg(G; � ): If EG � SgSU (X) (� ), then G� is closedunder the ternary dis-
criminator. Moreover, BG∗ � SgSU (X) (� ) and

T
EG =

T
EG∗ :
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Pro of. Let us supposethat � = f X 1; :::; X k g and EG � SgSU (X) (� ).
Of coursewe have G� � AX : According to Proposition 5 it su�ces to show
that G� has the patchwork property. By De�nition 2, every element d of
G� can be presented in the following form

d = gi 1�X 1 [ ::: [ gi k �X k ;

where gi j 2 G, for every 1 � j � k. Let d1; d2 2 G� and Y = [[d3 = d4]] for
somed3; d4 2 G� . We have to show that the element d = d1�Y [ d2�: Y also
belongsto G� . If Y = �, then d = d2 and it belongsto G� . Let us suppose
that � < Y � X . First we prove that for every 1 � i � k we have X i � Y
or Y \ X i = �. Assume,contrary to this claim, that there are 1 � i � k and
j; j 0 2 X such that j 2 Y \ X i and j 0 2 X i and j 0 62Y . By the de�nition
of Pg(G; � ) we know that there exist g1; g2 2 G such that d3�X i = g1�X i

and d4 �X i = g2 �X i . Thus we obtain that j; j 0 2 X i , j 2 [[g1 = g2]] and
j 0 62[[g1 = g2]]. Hence [[g1 = g2]] 62SgSU (X ) (� ), which means that EG 6�
SgSU (X ) (� ). We obtain a contradiction and the claim is proved. Now, we
can conclude that EG∗ � SgSU (X ) (� ) and of courseBG∗ � SgSU (X ) (� ):
So,without lossof generality we can assumethat Y = X 1 [ : : : [ X s, where
1 � s � k. Let di �X j = gi j �X j , where i 2 f 1; 2g; 1 � j � k and gi j 2 G.
Now, d = d1�Y [ d2�: Y = g11 �X 1 [ ::: [ g1s �X s [ g2s +1 �X s +1 [ : : : [ g2k �X k .
Henced 2 Pg(G; � ). It remainsto show that

T
EG =

T
EG∗ : SinceG � G�

then
T

EG∗ �
T

EG : Let us assumethat
T

EG∗ �
T

EG : Then there exists
i 2 X such that i 2

T
EG and i 62

T
EG∗ : So, there exist g�

1 ; g�
2 2 G�

such that i 62[[g�
1 = g�

2 ]] : Let us pick 1 � j � k such that i 2 X j . Since
g�

1 ; g�
2 2 G� then there exist g1; g2 2 G such that g�

1 �X j = g1 �X j and
g�

2 �X j = g2�X j : Hence i 62[[g1 = g2]] and i 62
T

EG , which contradicts our
assumption. The proposition is proved.

De�nition 12. Let G � AX and B 1 be a subalgebraof SU(X ). We
say that G matchesB 1 i�

B P g(G;B a
1 ) = B 1:
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Remark 13. Note that if G is a baseof D , then Pg(G; B a
D ) = D :

HenceB P g(G;B a
D ) = B D and G matchesB D :

Prop osition 14. Let G � AX and B 1 be a subalgebraof SU(X ). G
matchesB 1 i� the following conditions are satis�ed:

1. EG � B1;

2. if
T

EG 6= �, then
T

EG 2 B a
1 ;

3. if X 0 2 B a
1 and X 0 6=

T
EG ; then there are g1; g2 2 G such that

[[g1 = g2]] \ X 0 = � :

Pro of. Let us denote Pg(G; B a
1 ) by G� .

() ) If G matches B 1, then BG∗ = B1. Since EG � EG∗ � BG∗ ,
then EG � B1. From Proposition 11 it follows that

T
EG =

T
EG∗ : If

T
EG∗ 6= �, then it is an atom of B G∗ and the secondcondition is satis�ed.

Now, let us supposethat X 0 2 B a
1 ; X 0 6=

T
EG and for every g1; g2 2 G we

have [[g1 = g2]] \ X 0 6= � : Since [[g1 = g2]] 2 BG∗ , then for every g1; g2 2 G
we have [[g1 = g2]] \ X 0 = X 0: Hence X 0 �

T
EG : If

T
EG = �, then we

obtain a contradiction. If
T

EG 6= � ; then
T

EG is an atom of B G∗ : Hence
X 0 =

T
EG , which also contradicts our assumption. We can concludethat

the third condition is also satis�ed.

(( ) Let us assumethat the conditions 1 � 3 are satis�ed. We have to
show that G matches B 1. From the �rst condition and Proposition 11 we
know that BG∗ � B1 and

T
EG =

T
EG∗ .

Case1:
T

EG 6= � : It follows from the secondcondition that
T

EG

is an atom of B 1. Hence
T

EG∗ is an atom of B 1. Let X 0 2 B a
1 and

X 0 6=
T

EG∗ : From the third condition we can conclude that there are
g1; g2 2 G such that [[g1 = g2]] \ X 0 = � : Therefore there exist g�

1 ; g�
2 2 G�

such that [[g�
1 = g�

2 ]] = : X 0: Then : X 0 2 EG∗ and X 0 2 BG∗ : We obtain
that B1 � BG∗ . HenceB 1 = B G∗ :

Case 2:
T

EG = � : If X 0 2 B a
1 then X 0 6=

T
EG : From the third

condition we obtain in the similar manner asabove that X 0 belongsto BG∗

and B G∗ = B 1:
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De�nition 15. By BP �
�n we denote the following classof structures

BP �
�n = fhSU(X ); B i :j X j< ! and B is a subuniverseof SU(X )g:

Evidently, I (BP �
�n ) = BP �n , whereBP �n denotesthe classof �nite Boolean

pairs.

Let A be an algebra. For hSU(X ); B i 2 BP �
�n and G � AX we can

de�ne a structure hA X ; Pg(G; B a )i :

Let K(A ) denote the classof the all structures hA X ; Pg(G; B a )i such
that

1. hSU(X ); B i 2 BP �
�n ;

2. G � AX ;

3. j Gj�j A j;

4. G matchesB :

Lemma 16. If A is a �nite algebra, then

P�n (A ; T) = K(A ):

Pro of. Assumethat hA X ; D i 2 P�n (A ; T). By De�nition 1 we have
that hSU(X ); BD i 2 BP �

�n . Moreover, from Proposition 10 we know that
there exists G � AX such that j G j�j A j and G is a baseof D . From Re-
mark 13 we know that G matchesB D . HencehA X ; D i = hA X ; Pg(G; B a

D )i
and it belongsto K(A ): Conversely, let hA X ; Pg(G; B a )i belong to K(A ):
Then hSU(X ); B i belongsto 2 BP �

�n , G � AX and G matches B . Hence
from Proposition 14weknow that EG � B : Moreover it follows from Propo-
sition 11 that Pg(G; B a ) � AX and it is closedunder the ternary discrimi-
nator. We can concludethat hA X ; Pg(G; B a )i belongsto P�n (A ; T), which
completesthe proof of the lemma.

De�nition 17. Let A bea �nite algebraof typeT and A = f a1; : : : ; am g.
By L we denote the �rst order languageof P �n (A ; T) i.e., the only non-
logical constants of L are the all function symbols belonging to T and
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an unary relation symbol D related to a subset closedunder the ternary
discriminator. We denote variables of L by x i , 0 � i < ! : Moreover,
we can assumethat the atomic formulas of L are expressionsof the form
f (x i 1 ; : : : ; x i k ) = x i 0 or of the form D(x i 0 ), where f (x i 1 ; : : : ; x i k ) is a term
of L and x i 0 is a single variable. The other formulas of L can be obtained
from the atomic formulas using the symbols : ; &; 9:

Let L 0 denotethe �rst order languageof BP �n i.e., the only nonlogical
symbols of L 0 are \ ; [ ; : ; 0; 1; B 0, where B 0 is an unary relation symbol
related to a subuniverseof a Boolean algebra. We denote variables of L 0

by ui;j , 0 � i; j < ! . However, we �nd it convenient to distinguish some
variables of L 0 and denote them by pi;j : They can be written in the form
of an m � m - matrix:

p1;1 p1;2 : : : p1;m � 1 p1;m

p2;1 p2;2 : : : p2;m � 1 p2;m
...

...
...

...
...

pm; 1 pm; 2 : : : pm � 1;m � 1 pm;m

We de�ne an Ershov-style translation of L into L 0: To each formula
� (x1; : : : ; xk ) 2 L we assigna formula

b� (u1;1; : : : ; u1;m ; u2;1; : : : ; u2;m ; : : : um;m ; p1;1; : : : ; pm;m )

from L 0.

Note that if formula � contains k variables x0; : : : ; xk and no rala-
tion symbols, then formula b� contains k � m variables u0;1; : : : ; u0;m ; : : : ;
uk ;1; : : : ; uk ;m : If formula � contains k variables x0; : : : ; xk and a relation
symbol, then formula b� contains k� m+ m2 variablesu0;1; : : : ; u0;m ; : : : ; uk ;1;
uk ;2 : : : ; uk ;m ; p1;1; : : : ; pm;m :

The assignment is as follows:

1. if � � f (x1; : : : ; xk ) = x0; then

(a) if k = 0 and f = ai is an constant then
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b� � u0;i = 1;

(b) if k 6= 0 then

b� �
^

A j= f (a i 1 ;::: ;a i k )= a i 0

: (u1;i 1 \ : : : \ uk ;i k ) [ u0;i 0 = 1;

2. if � � D (x0); then

b� � 8b At 0(b) ! [ (u0;1 \ b = p1;1 \ b & : : : & u0;m \ b = p1;m \ b)_
(u0;1 \ b = p2;1 \ b & : : : & u0;m \ b = p2;m \ b)_

...
(u0;1 \ b = pm; 1 \ b & : : : & u0;m \ b = pm;m \ b)];

where At 0(b) � b is an atom of B 0:

3. if � � ( 1 &  2); then b� = c 1 & c 2,

4. if � � :  ; then b� = : b ,

5. if � � 9x 0  (x0); then

b� � 9u 0 ; 1 : : : 9u 0 ;m ( b (u0;1; : : : ; u0;m ) & u0;1 [ : : : [ u0;m = 1 &
^

1� i<j � m

(u0;i \ u0;j = 0))

If there is no danger of confusion we don't distinguish notationally
betweena symbol and its interpretation.

De�nition 18. Let A be a �nite algebra and A = f a1; :::; am g. If
ci 2 AX , then for every 1 � j � m we set that ci;j denotes [[ci = baj ]],
wherebaj 2 AX is the constant map with the value aj . If � is an m-element
decomposition of X , then by �a�� we denote the following element of AX :

�a�� = ba1�� (1) [ : : : [ bam�� (m ) :

We say that �a�� is an element of AX de�ned by a decomposition � : Con-
versely, if ci 2 AX then we say that � ci = hci; 1; : : : ; ci;m i is a decomposition
of X de�ned by an element ci :
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Lemma 19. Let A be a �nite algebra, hA X ; D i be a given structure
belonging to P�n (A ; T) and let f g1; :::; gm g � AX be a baseof D , where
m = j A j. For any formula � (x1; :::; xk ) 2 L and any c1; : : : ; ck 2 AX we
have

hA X ; D i j= � (x1=c1; :::; xk =ck )

i�

hSU(X ); BD i j= b� (: : : ; ui;j =[[ci = baj ]] ; : : : ; pi;j =[[gi = baj ]] ; : : :):

Pro of. Let A � = hA X ; D i and B � = hSU(X ); BD i : We proceedby
induction over the complexity of � .

1. � � f (c1; : : : ; ck ) = c0,

b� �
^

A j= f (a i 1 ;::: ;a i k )= a i 0

: (c1;i 1 \ : : : \ ck ;i k ) [ c0;i 0 = 1:

B � j= b� i� f (ai 1 ; : : : ; ai k ) = ai 0 ) : (c1;i 1 \ : : : \ ck ;i k ) [ c0;i 0 = X

i� f (ai 1 ; : : : ; ai k ) = ai 0 ) c1;i 1 \ : : : \ ck ;i k � c0;i 0

i� f (ai 1 ; : : : ; ai k ) = ai 0 & (81� r � k cr (j ) = ai r ) ) c0(j ) = ai 0

i� 8j 2 X f (c1; : : : ; ck )( j ) = c0(j )

i� A � j= f (c1; : : : ; ck ) = c0

i� A � j= �

2. � � D (c0);

b� � 8b At 0(b) ! [(c0;1 \ b = g1;1 \ b & : : : & c0;m \ b = g1;m \ b)_

(c0;1 \ b = g2;1 \ b & : : : & c0;m \ b = g2;m \ b)_

...

(c0;1 \ b = gm; 1 \ b & : : : & c0;m \ b = gm;m \ b)]:
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Let us remind that D = Pg(f g1 ; : : : ; gm g; B a
D ).

B � j= b� i� b is an atom of B D )

91� j � m c0;1 \ b = gj; 1 \ b & : : : & c0;m \ b = gj;m \ b

i� b is an atom of B D ) 91� j � m c0�b= gj �b

i� c0 = gi 1�b1 [ : : : [ gi k �bk ; where

f b1; : : : ; bk g = B a
D and f i 1; : : : ; i k g � f 1; : : : ; mg

i� c0 2 D

i� A � j= D (c0)

3. � � ( 1 &  2); b� = c 1 & c 2,

B � j= b� i� B � j= c 1 and B � j= c 2

i� A � j=  1 and A � j=  2

i� A � j=  1 &  2

i� A � j= �

4. � � :  ; b� = : b ,

B � j= b� i� B � j= : b i� B � 6j= b i� A � 6j=  i� A � j= �:

5. � � 9x 0  (x0),

b� � 9u 0 ; 1 : : : 9u 0 ;m ( b (u0;1; : : : ; u0;m ) & u0;1 [ : : : [ u0;m = 1 &

^

1� i<j � m

u0;i \ u0;j = 0)
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B � j= b� i� there are c0;1; : : : ; c0;m such that it is a decomposition of X

and B � j= b (c0;1; : : : ; c0;m )

i� there is c0 2 AX such that c0;i = [[c0 = bai ]] and A � j=  (c0)

( simply take c0 = ba1�c0 ; 1 [ : : : [ bam�c0 ;m )

i� A � j= 9x 0  (x0):

This �nishes the proof.

De�nition 20. Let L 0 be the language of BP �n : By �pi we denote
a sequenceof variables (pi; 1; : : : ; pi;m ): We de�ne the following auxiliary
terms and formulas:

� E \
G ( �p1; : : : ; �pm ) =

[

1� j � m

p1;j \ : : : \ pm;j ;

� [[ �pi = �pk ]] =
[

1� j � m

pi;j \ pk ;j ;

� 	 1( �p1; : : : ; �pm ) �
^

1� i � m

0

@pi; 1 [ : : : [ pi;m = 1 &
^

0� j <k � m

pi;j \ pi;k = 0

1

A ;

� 	 2( �p1; : : : ; �pm ) �
^

1� i<k � m

0

@
[

1� j � m

pi;j \ pk ;j 2 B 0

1

A ;

� 	 3( �p1; : : : ; �pm ) � E \
G ( �p1; : : : ; �pm ) 6= � ! E \

G ( �p1; : : : ; �pm ) is an atom of B 0;

� 	 4( �p1; : : : ; �pm ) � if b is an atom of B 0 and b 6= E \
G ( �p1; : : : ; �pm ); then

_

1� i<k � m

[[ �pi = �pk ]] \ b = � :

Remark 21. Supposethat f a1; : : : ; am g is the universeof an algebra
A and hSU(X ); B 0i 2 BP �n : For every 1 � i � m let � i be a m-element
sequenceof elements of SU(X ): If hSU(X ); B 0i j= 	 1(� 1; : : : ; � m ), then for
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every 1 � i � m we have that � i is a decomposition of X and de�nes an
element gi = �a�� i belongingto AX : We denote the set of theseelements by
G: Using Proposition 14 one can easily check that G matchesB 0 i�

hSU(X ); B 0i j= 	 2( �p1; : : : ; �pm ) & 	 3( �p1; : : : ; �pm ) & 	 4( �p1; : : : ; �pm ):

We are now in a position to prove the main theorem of this paper.

Theorem. Let A be a �nite algebra and T be the smallest discrimi-
nator clone on A. Then the theory of P �n (A ; T) is decidable.

Pro of. Let L be the languageof P�n (A ; T). For any sentence � 2 L
we construct a sentence � � in the languageof Boolean pairs L 0 as follows:

� � � 8 �p1 : : : 8 �pm

0

@

0

@
^

1� i � 4

	 i ( �p1; : : : ; �pm )

1

A ! b�

1

A :

Now, we proceedto show that

P�n (A ; T) j= � if and only if BP �
�n j= � � :

Since I (BP �
�n ) = BP �n and the theory of BP �n is decidable,we will con-

clude that the theory of P�n (A ; T) is also decidable.

() ) Let's assumethat P�n (A ; T) j= � and BP �
�n 6j= � � . If so, there

exists B � 2 BP �
�n such that B � 6j= � � . Let B � = hSU(X ); B 0i . If B � 6j= � � ,

then there are b1;1; : : : ; bm;m 2 SU(X ) such that:

(i) SU(X ) j= 	 1(�b1; : : : ; �bm );

(ii) hSU(X ); B 0i j= 	 2(�b1; : : : ; �bm ) & 	 3(�b1; : : : ; �bm ) & 	 4(�b1; : : : ; �bm );

(iii) hSU(X ); B 0i 6j= b� (b1;1; : : : ; bm;m ):

From (i) it follows that for every 1 � i � m we have that bi; 1; : : : ; bi;m

is a decomposition of X . Let G = f g1; : : : ; gm g be a set of elements of
AX de�ned by these decompositions. Hence for every 1 � i; j � m we
have that gi;j = [[gi = baj ]] = bi;j : From (ii), Proposition 14 and Remark 21
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we know that G matches B 0 and
T

EG � B 0: Let D = Pg(G; B 0a ): From
Proposition 11 it follows that D is closedunder the ternary discriminator.
HencehA X ; D i belongsto P�n (A ; T) and hA X ; D i j= �: From Lemma 19 it
follows that hSU(X ); BD i j= b� (g1;1; : : : ; gm;m ). SinceG matches B 0, then
B D = B 0: HencehSU(X ); B 0i j= b� (g1;1; : : : ; gm;m ), which contradicts (iii).

(( ) Let's assumethat BP �
�n j= � � and P�n (A ; T) 6j= � . Then there

is a structure A � 2 P�n (A ; T) such that A � 6j= � . Let A � = hA X ; D i .
According to Proposition 10 let G = f g1; : : : ; gm g be a baseof D , where
m = j A j. By B � we denote the structure hSU(X ); B D i . Of course B �

belongsto BP �
�n . It follows from Lemma 19 that B � 6j= b� (g1;1; : : : ; gm;m ).

For every 1 � i � m a sequencegi; 1; : : : ; gi;m is a decomposition of X
de�ned by an element gi . So, B � j= 	 1(g1;1; : : : ; gm;m ): From Remark 13
we know that G matches B D : From Lemma 14 and Remark 21 we can
concludethat

B � j= 	 2(g1;1; : : : ; gm;m ) & 	 3(g1;1; : : : ; gm;m ) & 	 4(g1;1; : : : ; gm;m ):

Consequently, B � 6j= � � and BP �
�n 6j= � � , which contradicts our assumption.

This completesthe proof of the Theorem.

Corollary 1. If A is a �nite primal algebra,then the �rst order theory
of V�n (A ; T) is decidable.

Pro of. Let A be a �nite primal algebra. Using the well-known facts
(see[1], Corollary 6.10,Corollary 10.2,Corollary 10.8)onecan easyobserve
that in this caseV(A ) is arithmetical and A is simple with no subalgebras
except itself. Henceevery subdirectly irreducible algebrain V(A ) is isomor-
phic to A . Then V(A ) = I P S (A ). SinceV(A ) is a congruence-permutable
variety and A is simple, then we have V�n (A ) = I (f A X :j X j< ! g). In this
casewe obtain that I (P�n (A ; T)) = V�n (A ; T), which provesthe Corollary.

Corollary 2. Let A be a �nite algebra, � (A ) be a set of term opera-
tions of A and F be a �nite subsetof � (A ). If T � is a clone generatedby
T [ F , then the �rst order theory of P �n (A ; T � ) is decidable.
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Pro of. Let F = f f 1; : : : ; f k g and F � � (A ): Then for every 1 � i � k
we have that f i is de�nable in terms of basic function symbols of A and
hencefor every f i we can de�ne a sentence� f i in the languageL asfollows:

� f i � 8x 1 : : : 8x � ( i ) (D (x1) & ::: & D(x � ( i ) ) ! D (f i (x1; : : : ; x � ( i ) ))) ;

where� (i ) denotesan arit y of f i : Observethat P�n (A ; T � ) � P�n (A ; T) and
P�n (A ; T � ) is �nitely axiomatizable by f � f 1 ; : : : ; � f k g. For any sentence
� 2 L we de�ne a sentence � 0 � (� f 1 & : : : & � f k ) ! � . One can easy
check that P�n (A ; T) j= � 0 i� P�n (A ; T � ) j= �: If so,wecanconcludethat
the theory of P�n (A ; T � ) is decidable,becauseof decidability of P �n (A ; T).

Corollary 3. If A is a �nite, primal algebra and T 0 is a discrimina-
tor clone on A, then the �rst order theory of V�n (A ; T 0) is decidable. In
particular, VP �n (A ) is decidable.

Pro of. If A is a primal algebra and T 0 is a discriminator clone,
then T 0 is generated by a �nite subset of � (A ) [4]. Since in this case
I (P�n (A ; T 0)) = V�n (A ; T 0) weobtain that the �rst order theory of V�n (A ; T 0)
is decidable. If T 0 is the cloneof the all operations on A, then V�n (A ; T 0) =
VP �n (A ): HenceVP �n (A ) is decidable.
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