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DECIDABILITY OF CLASSES OF FINITE
ALGEBRAS WITH A DISTINGUISHED SUBSET
CLOSED UNDER A DISCRIMINATOR CLONE

Abstract. Weshow that if T isthe smallest discriminator clone on
a set A, then the rst order theory of nite powersof a nite algebra
A with a distinguished subset closed under T is decidable. If A is a
primal algebra and C is any discriminator clone on A, then the rst
order theory of nite algebras from V(A) with a distinguished subset
closed under C is decidable. In particular, the rst order theory of
algebras from V(A) with a distinguished subalgebra is decidable.

Let C be a clone of operations on a two elemen set. In [2] we have
provedthat the rst ordertheory of nite Booleanalgebraswith distinguish
subsetclosedunder C is decidableif and only if C is a clone cortaining the
ternary discriminator function. Decidability of the theories referred to in
the abstract is a consequencef the fact, that nite discriminator subsets
of products of algebrashave a 'nice' ordered structure, especially in caseof
Boolean algebras[3].
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In order to get the above results we translate ead sertence in the
languageof algebraswith an additional unary predicate into the language
of Booleanpairs and usethe fact that the rst ordertheory of nite Boolean
pairs is decidable. The idea of our proof is basedon the one of Ershov, who
found a translation from the languageof Boolean powersinto the language
of Boolean algebras. In [6] Werner usesthe Ershov-style translation to
prove that the rst order theory of Itered Boolean powers is decidable.
He translates ead sertence in the language of these structures into the
languageof Boolean algebraswith quanti cation over lters.

We start with somenotational corvertions.

De nition 1. If B is a Booleanalgebraand G B, then by B2 we
denote a set of atoms of B and by Sg® (G) we denote the subuniverse of
B generatedby G. We shall denote by SU (X ) the Boolean algebra of all
subsetsof X . For X9 X, asubsetD of AX and a;b2 AX we introduce
the following technical notation:

1) [a= b =fi2 X :a(i) = Ki)g,

2) Ep =f[x=vy]:x;y2Dg,

3) Bp = g™ ™ (Ep);\ 5[50 X,
4) Dx = fXx[x.:x2Dag.

We say that D hasthe patchwork property if the following condition
holds

ab2D & X%2Ep =) 9c2D X% [c=a] & : X° [c=b];

where: X%= X nX?©

Denition 2. Let = hXgy;:::;Xki beasequenceof elemerts from
SU(X). We say that is a decomposition of X if X[ :::[ Xx = X and
foreveryl i<j kwehaveX;\ X; = :Evidently every partition of

X is a decomposition of X:
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If di;:::;de 2 AX and is a k-elemen decomposition of X , then

difx, [ @1 dklx,

denotesthe function d 2 AX sud that d(j) = di(j) if j 2 X;, for every
1 i kilfD AX, thenby Pg(D; ) we denotethe setof all elemerts
d 2 AX satisfying the following condition: for every 1 i  k there exists
y 2 D sudh that djx, = y[x, :
The ternary discriminator function on a setA is the function t : A3 !

A dened by t(x;y;z) = xif x 6 y,and t(x;y;z) = zif x = y: By T
we denote the clone of functions generatedby t i.e., the smallest clone of
operations on A cortaining the ternary discriminator function t.

Denition 3. Let A be an algebra, C be a clone of operations on
the underlying set of A. The notation A . AX meansthat A  AX
and A is closedunder operations from C.

We de ne the following classesof structures

1. P, (A;C)=fthAX;Ai:X is nite & A . AXg;
2.Vh(A;C)=fthD;D i:D2V,(A) & D . Dg;
3. VP, (A)=fthD;D i:D 2V, (A) & D isasubuniverseof Dg:

De nition 4. Let PAX;Di beastructure fromP , (A;T). If G D,
then we say that G isabaseof D i D = Pg(G;BjJ).

Prop osition 5. Let A be an algebraand D AX. Then we have
D , AX i D hasthe patchwork property.

Proof. Leta;b2 D andY 2 Ep. We pick ¢c;d 2 D such that Y =
[c= d]. If D is closedundert, then e = t(t(c;d;a);t(c;d;b);b) belongsto
D. Onecaneasilychekkthat Y [Je=a] & : Y [e= b]. So,D hasthe
patchwork property. Let a;b;c2 D. If D hasthe patchwork property, then
wecan nd anelemern d2 D suchthat [a=b] [d=c] & [a6 b]
[d= a]. It's enoughto note that t(a;b;c) = d. HenceD is closedunder
the ternary discriminator, which wasto be proved.
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Assumption: For Propositions 6{14 we assumethat A is a xed
nite algebra.

Let PAX;Di be a structure from P, (A;T). We establish seweral
structural facts about this structure.

T
Prop osition 6. Let Ep = X . We have:

1. D hasthe patchwork property,
2. Ep = FEp;\;[;: ;X ;Xi,where: (x)=:x[ X ,isasubalgebraof
the interval BooleanalgebraSU (X )jX = HX ;XT;\;[;: ;X ;Xi.

Pro of. (1) is an easy consequenceof Proposition 5. For (2) we x
a 2 D and show that for any b;c 2 D there is an elemert d 2 D, which
satis es the following conditions:

1) [a= b\ [a= c] = [a= d],
(2) [a=Hl[ [a= c] = [a=d],
(3) [a=bl[ [a6 c] = [a= d]],
@) [b=c] = [a= d].

This part of the proofis similar asin [6]. Using the patchwork property
we proceedas follows:

ad(1l) Wepick d2 D suchthat [a=b] [c=dlandaé b] [b= d].

ad(2) Wepick d2 D suththat [a=b] [a=dland[aé b] [c= d].

ad(3) Wepick e2 D such that [a= bJ[ [a= ¢] = [a= €] and then we pick
d2 D sucdhthat [a=€] [b=dland[a6 € [a= d].

ad(4) We pick e2 D such that [a= b]\ [a= c] = [a= €] and then we pick
d2 D suchthat [b=c] [a=dland[b6 c] [e= d].

From (4) it follows that for every xed elemen a 2 D we have that
Ep = fla= x]: x 2 Dg. From (1), (2)_|_we knovsi_that Ep is closedunder
[ and\. SinceX is nite, then X = Ep = f[a=x]:x2 Agisthe
least element of Ep and X = [a = 4] is the greatestelemen of Ep. From



DECIDABILITY OF CLASSES OF FINITE ALGEBRAS... 69

(3) we can concludethat X [ [a6 b] is a complemen of [a= b] in the
interval [X ;X ] becausewe have:

X [[a6 b [a= b= X,
(X [[a6 )\ [a=bl=X \ [a=b =X .

This completesthe proof.

The next proposition can be interpreted as a special version of the
patchwork property.

Prop osition 7. Let BE = fXjy;::;Xkg and dy;:::;d¢ belongto D.
Then the elemen d = di[x, [ :::[ dk[x, alsobelongsto D.

Pro of. Let us denoteT Ep by X . First we shov an easyfact that
if Y 2 Bp, then Y[ X belongsto Ep. If Y 2 Ep, then the claim is
obvious. If Y 62Ep, then according to Proposition 6 we can represen
Y asa nite sum of elemens of the form Y; or : Y; or Y; \ :Y;, where
Yi,Y; 2 Ep (see[5], Proposition 4.4). From Proposition 6 we know that
ViV X =[X)\V: Yj2Epand:Y;[ X =:Y; 2Ep.
So,we obtain that Y [ X belongsto Ep. Moreover, one can easily chedk
that if X 6 , then X 2 BZ. We know, from Proposition 5, that D

conditions:

X2[ X [co=d2] & : (X2 X ) [c=di],
X3[ X [co=d3] & : (X3[ X ) [c2= il

Xk 1[ X [k 2=dk 1] & : Xk 1[ X ) o 2= c sl
Xk [ X [e=d] & : (Xk[ X' ) [c=c 2]
Now, if X; = X , then c[x,= dk[x,= di[x, becauseX is a minimal

elemen of Ep: If X; 6 X ,thenX;\ (X;[ X )= foreweryl i6j k.
Onecaneasilyched that if i = 1,thencfx,= ¢ 2[x,= i = Ci[x,= difx,.
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If 1<i<k,thenclx,= c 2Ix;= i= Gk i+1) Ix;= G 1lx;= difx,. If
i =k, thenclx, = dk[x,. Thusc= difx, [ i dk[x,= dandd2 D. The
proposition is proved.

Remark 8. From Proposition 7 we know that Pg(D;B2) D. Since
forevery d2 D wehaved = dfx, [ [ dx,,thenD = Pg(D;BJ).

Prop osition 9. If Y 2 B3, thenjD|yj jAj.

Pro of. Suppose,cortrary to our claim, that jD[yj > jAj. Letj 2 Y.
Then there exist dyJy;da[y2 D]y andi 2 Y such that j 2 [d; = d] and
i 62[d; = do]. HenceO< [dy=d2]\ Y < Y and [di = d]\ Y 2 Bp,
becauseY and [d; = d,] belongto Bp. This contradicts the assumption
that Y 2 Bf.

Prop osition 10. There existsG D sud that G is a baseof D and
iGjj Aj. Moreover, Eg Bp.

Pro of. Let us supposethat jAj= m;Bg = fX4;:::;Xkgand Dx,
fdi,;:::;di, g wherel i k. From Proposition 9 we know that ri ~ m.
Wedene gi;:::50m 2 AX by putting g = g Ix, [ [ g lx,, where

gz B MIOb]
i di,; otherwise.

Now, if d is an elemern of D, then by de nition we have dfx,2 DJx,
foreveryl i k. Thusthereexistsj m sud that dix,= d;, = g [X,
Henced = g, Ix, [ [ g, Ix., wherefjq;:5jkg  fLimg. Then
D Pg(G;Bj), whereG = fg;;:::;0m0. From Proposition 7 it follows
that gi;:::;09m 2 D and Pg(G;B3) D. We can concludethat G is a
baseof D and jGjj Aj:SinceG D,thenEg Ep Bp. The proof

is now complete.

Prop osition 11. Let G AX  be a partition of X and G =
Pg(G; ):If Eg SgV® (), then G is clqsed und_?r the ternary dis-
criminator. Moreover, Bg- SgSV® ( )and Eg= Eg-:
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Pro of. Let ussupposethat = fX ;i XgandEg  SgSU® ().
Of coursewe have G AX : According to Proposition 5it su ces to show
that G hasthe patchwork property. By De nition 2, every elemen d of
G can be preseried in the following form

d=0g,Ix;, [ ] G Ixes

whereg; 2 G, foreveryl | k. letd;;d22G andY = [d3 = d4] for
someds;ds; 2 G . We haveto show that the element d = d;[v [ dy[. v also
belongsto G . If Y = , thend= d, andit belongsto G . Let us suppose
that <Y X. First weprovethat foreveryl i kwehaveX; Y
orY\ Xj = . Assume,cortrary to this claim, that therearel i kand
5j°2 X suchthat j 2 Y\ X; andj®2 X; and j°62Y. By the de nition

of Pg(G; ) we know that there exist g;;0, 2 G sud that d3[x, = o1 x,

and ds [x,= Q2 Ix,. Thus we obtain that j;j%2 X;, j 2 [g1 = g.] and
j962[a1 = g2]. Hence[g: = g.] 62SgSY X)( ), which meansthat E¢ 6

SgSV (X)( ). We obtain a cortradiction and the claim is proved. Now, we
can concludethat Eg-  SgSV ) () and of courseBg-  SgSV X)( ):
So,without lossof generality we canassumethat Y = X[ :::[ Xs, Where
1 s k. Letdlx;= g,Ix;, wherei 2 f1,2g;1 j kand g, 2 G.
Now, d = dily [ dol:v= O, Ix, [ [ Ou FXT[ gzsﬂ-lixsﬂ [ 200 g2 Ix-
Henc_FdZ Pg(g—}; ). It remainsto shawv thlat Ec= Eg-:SinceG G

then Eg- Ec: Let usassumeth Eg- Ec: Then there exists
i 2 X suc that i 2 Ec andi 62 Eg-: So, there exist g;;0, 2 G
sud that i 62[g; = g,]: Let us pick 1 k such that i 2 X;. Since

0;:9% 2 G then there exist g1;0, 2 G su_i:h that g, [x,= a1 [x; and
O Ix; = GIx; : Hencei 62[g; = g] and i 62 Eg, which cortradicts our
assumption. The proposition is proved.

De niton 12. Let G A* and B, be a subalgebraof SU(X). We
s& that G matchesB i

Brgsg) = Bu
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Remark 13. Note that if G is a baseof D, then Pg(G;Bg) = D:
HenceBpgypa) = Bp and G matchesBp:

Prop osition 14. Let G AX and B; be a subalgebraof SU(X). G
matchesB, i the following conditions are satis ed:

1. Eg Bi;
T T

2.t Ec6 . then Ec2Bf;

3.if X2 B2 and X°6 ' Eg; then there are g;;02 2 G sud that
[0 = ]\ X°=

Pro of. Let usdenotePg(G;B#{) by G .

(O ) If G matchesB, then Bg- = B;. Since EG"I‘ Bg-,
r1hen Ec B,. From Proposition 11 it follows that Eg = Eg-: If
Ec- 6 , thenit is anatom of B+ andthe secondcondition is satis ed.
Now, let us supposethat X°2 B#;X%6  Eg and for every g;; 0 2 G we

have [or = o]\ X°6 : Since[og: = 9] 2 q_e then_IIor everyg;;02G

we have [g; = go]\ X° =TX % Hence X © Ec:If Eg =, then we
obtain]_a contradiction. If Eg 6 ;then Eg isanatom of Bg-: Hence
X %= " Eg, which also cortradicts our assumption. We can concludethat

the third condition is also satis ed.

(( ) Let us assumethat the conditions 1 3 are satis ed. We have to
shawv that G matchesBl._lFrom thg? rst condition and Proposition 11 we
know that Bg- Bjand Eg= Eg-.

Casel: Eg 6 : It_follows from the secondcondition that T Ec
is an atom of B;. Hence Eg- is an atom of B;. Let X° 2 B and
X006 Ec-: From the third condition we can conclude that there are
g1;0 2 G such that gy = g]\ X%= : Therefore there exist g;;0, 2 G
such that [g; = g,] = : X% Then : X°2 Eg- and X°2 Bg-: We obtain
that By Bg+. HenceB; = Bg-:

Case 2: T Ec = :If X°2 B2 then X°6 T Ec: From the third
condition we obtain in the similar manner asabove that X °belongsto Bg-
and Bg- = B:
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De nition  15. By BP ,, we denote the following classof structures
BP , = thSU(X);Bi ;jX j< ! and B is a subuniverseof SU (X)g:

Evidently, | (BP ,, ) = BP , , whereBP , denotesthe classof nite Boolean
pairs.

Let A be an algebra. For lSU(X);Bi 2 BP , and G AX we can
de ne a structure PAX ;Pg(G;B?3)i:

Let K(A) denote the classof the all structures hA X ; Pg(G;B?)i such
that

1. BSU(X);Bi 2 BP , ;
2. G AX:

3. jGjj Aj;

4. G matchesB:

Lemma 16. If A isa nite algebra,then
Pn(A;T)=K(A):

Pro of. Assumethat PAX;Di 2 P, (A;T). By De nition 1 we have
that SU(X);Bpi 2 BP , . Moreover, from Proposition 10 we know that
there exists G~ AX sud that jGjj Aj and G is a baseof D. From Re-
mark 13we know that G matchesB . HencehA* ;Di = hAX;Pg(G;B3)i
and it belongsto K(A): Conversely let PAX :Pg(G;B?)i belongto K(A):
Then hSU (X );Bi belongsto 2 BP ,, G A*X and G matchesB. Hence
from Proposition 14weknow that Eg B : Moreover it follows from Propo-
sition 11that Pg(G;B?) AX andit is closedunder the ternary discrimi-
nator. We can concludethat PAX ; Pg(G; B 2)i belongsto P, (A; T), which
completesthe proof of the lemma.

De nition 17. Let A bea nite algebraoftypeT andA = fay;:::;an g}

By L we denote the rst order languageof P, (A;T) i.e., the only non-
logical constarts of L are the all function symbols belongingto T and
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an unary relation symbol D related to a subset closedunder the ternary

discriminator. We denote variables of L by x;, 0 i < |: Moreover,
we can assumethat the atomic formulas of L are expressionsof the form
f(Xi,;:1:0;%i,) = Xi, or of the form D(x;,), wheref (xj,;:::;X;,) isaterm

of L and x;, is a single variable. The other formulas of L can be obtained
from the atomic formulas using the symbols: ; &;9:

Let Lo denotethe rst order languageof BP ,, i.e., the only nonlogical
symbols of Lo are \ ;[ ;: ;0;1;B% where B® is an unary relation symbol
related to a subuniverse of a Boolean algebra. We denote variables of L g
by uij , 0 i;j <!. Howewer, we nd it corveniert to distinguish some
variables of Lo and denote them by p;; : They can be written in the form
ofanm m - matrix:

P11 P12 Cl Pim 1 P1;m
P2;1 P22 Il P2m 1 P2;m
Pm;z Pm;2 % Pm m 1 Pmm

We de ne an Ershov-style translation of L into Lq: To ead formula

(X1;:::;Xk) 2 L we assigna formula
b(ull;:::;Ul;m;UZ;l;”:;UZ;m; ::Um;m ;pl;l;'”;pm;m)

from L.

Note that if formula contains k variables Xg;:::;Xx and no rala-
tion symbols, then formula b cortains k  m variables Uo:1;:ii;Uogmsiit;
Uk:1;: 5 Ukem: If formula contains k variables xo;:::; Xk and a relation
symbol, then formula bcortainsk m+ m?2 variablesug.1; 11 Ug:m ;o0 Uk 1,'
Uk;Z:::;Uk;m; pl;l;”'; m;m

=
=
—_

~~
X

i
X

~

~
|

= Xg; then

(@) if k= 0andf = a is an constart then
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b Ug:;i = 1
(b) if k & Othen
A
b (Ui VN Uk ) [ oy = L
AfFEf(aimhai )= aig

2. if D(Xo); then

b 8, At ! [ (Upi\ b=pri\ b & i & Upm\ b= prm \ b)_
(Upr\ b=par\ b & i1 & uUgm \ b= pam \ b)_

(upa\ b=pma\ b & ::: & upm \ b= pnm \ DI;
where Atqb) b is an atom of B
3. if (1 & »); then b-c, & C,,
4. if © : then b=:Db,
5. if 9, (Xo); then

b 0.1 - -  uom (b(uo;lj\:::;uo;m) & Up1[ i:[ Uom =1 &
(Uo;i \ Ugj = 0))
1 i m
If there is no danger of confusion we don't distinguish notationally
betweena symbol and its interpretation.

De nition 18. Let A bea nite algebraand A = fay;::;;ang. If
G 2 AX, then for every 1 j m we set that ¢;; denotes[c = ],
wherel; 2 AX is the constart map with the valuea;. If is an m-elemen
decomposition of X, then by a] we denote the following elemen of AX :

al =l @[ [ Bml (m):
We say that aJ is an element of AX de ned by a decomposition : Con-
versely if ¢ 2 AX thenwesay that & = ho.q;:::; G i iSadecomposition
of X de ned by an elemert ¢;:



76 JERZY HANUSEK

Lemma 19. Let A bea nite algebra,hA* ;Di be a given structure
belongingto P, (A;T) and let fgi;::;gng AX be a baseof D, where
m =jAj. For any formula (xi;::;xx) 2 L and any c;;:::;¢c 2 AX we
have

PAX DI F  (X1=C; 1 Xk =G )

i

hSU(X):Bpi F OC::suy =[c = ByT1::ipy =g = By15::0):

Proof. Let A = bPAX;Di and B = hSU(X);Bpi: We proceedby
induction over the complexity of

1. f(ciiii;) = ¢,

b : (Cl;il\ o\ Ck;ik)[ Coiip = 1

AT (aigmai )= aig
B EDP I fa; :a)=a,) @ (i, \ i\ i)l oo = X

i f(ai;;:ia,) = a,) Cui,\ i\ G, Coig
i faia)=a, & 81 r k() =a,)) )= a,

2. D (c);

(CO;l\ b= 92;1\ b& i1 & CO;m\ b= gZ;m\ b)_
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B FPi bisanatomofBp )
9 mCa1\b=gi1\b& i & com\ b=gm \ b
i bisanatomofBp ) 91 j mClb= G lb
i C=0ilo [ :::[ Gl Where

i 2D
i A F D(c)

3. (1 & 2);b= C, & C,,

BEPi B EC and B EC,
i A F pand A F
i AF 1& 2
i A E
4 , b= b,
BEPIi BE:Pi Begbi Aeg i AF:
5' 9X0(X0)1

N
1 i m
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B F b j there are Cp.1;:::; Co.m Sudh that it is a decomposition of X

i thereiscy 2 AX sudthat o = [co= Bk]Jand A F (o)
( simply take co = Byfcy, [ :::[ Bmlcom )
i A E 9 (x0)
This nishes the proof.

Denition  20. Let Lo be the languageof BP ,, : By p; we denote

ES(piiiiiipm) = P \ 112\ Pmg

[ 1) m
[pi = p]= Pij \ Pk

1) m 0 1
1(P1; 17 Pm) @pi;l[ il pm =1 & Pij \ Pik = oA :

1 i m 0 £j<k m
A [

2(P1;::15 Pm) @ pj \ pej 2 BOA;

3(Pr; i pm)  Es(Puiiiiipm) €6 ! ES(p1iiiiipm) is an atom of BOJ

a(pr;iii;pm)  if bisanatom of Band b6 E&(ps;:::;pm); then |

[pi = p]\ b=
1 i<k m
Remark 21. Supposethat fai;:::;amg is the universeof an algebra
A and SU(X);B% 2 BP,:Foreweryl i mlet ; beam-elemen

sequenceof elemens of SU(X): If SU(X);B% F  1( 1;:::; m), then for
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everyl i m wehavethat ; is adecomposition of X and de nes an
element g = aJ , belongingto AX : We denotethe set of theseelemers by
G: Using Proposition 14 one can easily chedk that G matchesB i

BSUX);BYF  2(piiiiiipm) &  a(PiiiiPm) &  a(PuiiiiiPm):
We are now in a position to prove the main theorem of this paper.

Theorem. Let A bea nite algebraand T be the smallest discrimi-
nator cloneon A. Then the theory of P, (A;T) is decidable.

Pro of. Let L bethe languageof P, (A;T). For any senence 2 L
we construct a sertence  in the languageof Boolean pairs L as follows:
00 1 1
N
8y, :::8,, @@ (P pm)A L DA
1i 4
Now, we proceedto shaw that

Pn(A;T)E ifandonlyif BP,

Sincel (BP ,, ) = BP , and the theory of BP , is decidable,we will con-
clude that the theory of P, (A;T) is alsodecidable.

() ) Let's assumethat P, (A;T) F andBP, 6 . If so,there
existsB 2BP, suththat B 6 .LetB =hSU(X);B%.1fB § ,

From (i) it follows that for every 1 i m we havethat b;.q;:::; 0
is a decomposition of X. Let G = fg;;:::;0ng be a set of elemens of
A*X de ned by these decompositions. Hencefor every 1 i j m we

have that g;; = [g = ;] = by : From (ii), Proposition 14 and Remark 21



80 JERZY HANUSEK

T
we know that G matchesB%®and Eg B% Let D = Pg(G;B®): From
Proposition 11 it follows that D is closedunder the ternary discriminator.
HenceMA X ;Di belongsto P, (A;T) andbAX ;Di F : From Lemma19it

(( ) Let's assumethat BP ,, F and P, (A;T) 6 . Then there
is a structure A 2 P, (A;T) such that A & . Let A = hAX;Di.

For every 1 i m a sequenceg;1;:::;0:m IS a decomposition of X
de ned by an element gi. So,B F  1(G1:1;::;On:m ): From Remark 13
we know that G matches Bp: From Lemma 14 and Remark 21 we can
concludethat

B F 20001 5 0mm) &  3(011: 5 0mm ) & 4(Q1:15:00 5 Omm ):

Consequetly, B 6§ andBP ,, 6 , which corntradicts our assumption.
This completesthe proof of the Theorem.

Corollary 1. If A isa nite primal algebra,then the rst ordertheory
of V, (A;T) is decidable.

Pro of. Let A bea nite primal algebra. Using the well-known facts
(see[1], Corollary 6.10,Corollary 10.2,Corollary 10.8) one can easyobsene
that in this caseV (A) is arithmetical and A is simple with no subalgebras
exceptitself. Henceevery subdirectly irreducible algebrain V(A) isisomor-
phicto A. Then V(A) = | Ps(A). SinceV(A) is a congruence-grmutable
variety and A is simple, then wehaveV, (A) = | (fAX :;jX j< ! g). In this
casewe obtain that | (P, (A;T)) = V, (A; T), which provesthe Corollary.

Corollary 2. Let A bea nite algebra, (A) be a setof term opera-
tions of A and F bea nite subsetof (A). If T is a clonegeneratedby
T[ F, then the rst order theory of P, (A;T ) is decidable.
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Proof. Let F = ffq;:::;fxgand F (A): Thenforeveryl i Kk
we have that f; is de nable in terms of basic function symbols of A and
hencefor every f; we cande ne asertence ¢, in the languagelL asfollows:

£ 8x, 1118k ,(D(X1) & 1 & D(X y) ! D(fi(X1;:::%x (y))s

where (i) denotesanarity of f;: Obserethat P, (A;T ) P, (A;T)and
Pn (A;T ) is nitely axiomatizable by f ¢ ;:::; ¢ 0. For any sertence

2L wedene asertence © (¢, & ::: & ¢,)! . Onecaneasy
chekthat P, (A;T)E %i P, (A;T)F : If so,wecanconcludethat
the theory of P, (A ;T ) is decidable,becauseof decidability of P, (A;T).

Corollary 3. If A is a nite, primal algebraand T?is a discrimina-
tor clone on A, then the rst order theory of V,, (A;T9 is decidable. In
particular, VP , (A) is decidable.

Proof. If A is a primal algebra and T° is a discriminator clone,
then T is generatedby a nite subsetof (A) [4]. Sincein this case
I (Pn (A;TY) =V, (A; TY weobtain that the rst ordertheory of V,, (A; Tl
is decidable. If T?is the cloneof the all operationson A, thenV, (A;T9 =
VP , (A): HenceVP , (A) is decidable.
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