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1. Intro duction

In this paper we improve one result from [2, p. 250{255] (cf. the last
section of the paper). We alsopreser, by a method of semartical nature, a
certain description of the expressie power of rst-order logic with one-place
predicatesand equality.

As in [2, p. 250], a monadic formula is a formula of rst-order logic,
all of whose non-logical symbols are either one-place predicate letters or
name letters (resp. individual constarts). Monadic formulas may cortain
the logical symbol "=, i.e., the equals-sign(or the sign of identit y).

A formula ; = > for dierent terms 1 and 5 is said to be a non-
tautological identity.

We prove that for any monadic formula ' : ' is logically valid iff *

is true in every interpretation whosedomain cortains at most | + 2 n*
menbers, k beingthe number of predicate letters in ' , | being the number
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of individual constarts in non-tautological identities which are subformulas
of ' , and n* being the number of variables in non-tautological identities
which are subformulas of ' or, when no variable occursin non-tautological
identities in ' , n* = 1.1

In the body of this paper we shall de ne eadh semarical notion along
the line of Barwise [1] and Mendelson([3], and then prove the above fact.

2. Syntactical and semantical preliminaries

Let PL, NL and Var be xed denumerably in nite disjoint sets; PL is
the set of one-pla® predicate letters, NL is the set of name letters, and Var
is the set of variables Let Term:= NL[ Var be the set of terms and let
Form be the set of formulas of monadic predicate logic (with equality =
and name letters), i.e., the smallestset suc that:

{ if 2 Termandp2 PL, then p( ) 2 Form;

{ if 1; o2 Term, then = > 2 Form;

{if'y 2Fom,then:' 2 Formand (‘' x ) 2 Form, wherex2 f_;"; g ;
{ if" 2 Form and x 2 Var, then 8x' 2 Form and 9x' 2 Form.

The logical symbols:, , » and are the propositional connectives
of negation, disjunction, conjunction and material implication. Moreover,
the logical symbols 8 and 9 are universal and existertial quarti ers.

A sentene is a formula without any free variables.

An interpretation of Form is a pair | = hD;{i, where D is a non-empty
set (called the domain of 1) and { is a mapping from NL into D and from
PL into the power set P (D).

Let DV¥ be the set of functions from Var into D. All elemens of
DVa will be called assignments For any assignmen s we use s ?( for the
assignmem s® which agreeswith s exceptthat s%(x) = d.

Moreover, for any s and { we de ne a function ts; := s[ {jn. of one
argumert, with terms asargumerts and valuesin D.

1 For formulas without any variables this estimate can be reduced (cf. footnote 2).
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Let | = HD;{i be an interpretation of Form. We de ne a relation
I = ' [s] (read: the assignmen s satises ' in |) for all assignmens s and
all formulas' as follows:
L p()IS]iff ts(( ) 2{(p); | F 12 o[ iff tsg( 1) = tsg( o) 1 : " [s]
iffnot I F ' [s1F (" )slifflF " [slandlF [sl1F ( _ )Is]
iff eitherl =" orl F [s; 1 F ( ) [s), iff either not | = * [s] or
I [s; | E 8x' [s] iff forr]all <i12 D,IE" s?( ;I F 9" [s] iff there

isad2 D suchthat | ' s¢

X

A formula ' is true in the interpretation | (or | is a model of ' ; we
write: | F ') iff for every assignmen s, | F ' [s]. The form \not | F ' "
will be an abbreviation for \it is not the casethat | £ ' ". Sonot | F '
iff for somes, not | E ' [s]. If is a sertence, then the truth or falsity
of | g [g] isindependert of s. Thus| E iff for some(henceewery) s,
| E [s]. Sofor any sertence : | E: iffnotl [

A formula ' is calledlogically valid iff ' is true in every interpretation.

A formula ' is satis able iff there is an interpretation for which * is
satis ed by at least one assignmem. A sertence is satis able iff there is
a model of

3. Estimation

Let ' be a given monadic formula. Let p;;:::;p, be the k distinct
one-placepredicate letters (possibly k = 0) occurring in '
be the | distinct name letters that occur in non-tautological identities in
' (possibly | = 0). Moreover, let x;;:::;X, be the n distinct variables
that occur in non-tautological identities in ' (possibly n = 0). We put
n* := max(n; 1).

Theorem 1. Let | = hD;{i be an arbitrary interpretation of Form.
We can construct a certain interpretation |- = hD: ;{ i, whosedomain D-
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cortains at most | + 2 n* members? and which satis es the following
condition:

(v) gt I
Pro of. We de ne the binary relation = in D by:
{ ifk=0thenweput=:=D D
{ if k> Othenford;;d, 2D
dy=d, iff foreveryi=1:::;k:d; 2 {(p) iff d2 2 {(p;):

Clearly, = is an equivalencerelation. We denote an equivalenceclassof d

in D by kdk. We have: for any one-placepredicate symbol p; (0 i k)
andany d2 D
(?) d2{(p) iff kdk {(p;):

Let p:= jD=_j. Obviously 0< p 2%. Let fDy;:::;Dpg := D=_.

Obviously g1e setsDq;:::; D, are non-empty and pairwise disjoint. More-
over,D = P Di.
If k> Othen for every i = 1;:::;pthereis a sequenceh;,;:::; i i of

zerosand onessud that D = {(p;) 't \ :::\ {(py) where{(pj)l = {(p)
and{(p;)°=D {(p). If k= OthenD; = D.

Fori = 1;:::;p we choosefrom the setD; {[A] a subsetD; sud that
jD?j= min(iD;  {[A]j;n*).
We put

[p
D- = {[AI[ D?:
i=1

The setD- corntains, at most, | + 2 n* members.

2 For a given monadic sertence which has no variables this estimate can be reduced
to I* + min(2k 1,9 1*) where I* := max(l;1) and g being the number of name letters
occurring in this serntence.
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A projection from D on D: isafunction :D ! D-. sud that for
anyd2D andi=1;:::;p:

() fd2D; {[Althen (d)2D?,
(i) ifd2 D then (d)= d.

The conditions (i) and (ii) imply:

(9 d2 D; {Aliff (d)2D?.
(i% d2 D iff (d)2D?[ (D;\ {[A].

Let Pro j be the setof all projections from D on D . Clearly, Proj 6 .

We choosefrom the setPro j oneprojection ?. Wede ne the mapping
{ from NL into D by:®

{ (b):= "({(1))
and from PL into P(D- ) by:
{ (P =D \{p:

Obviously | by the de nition of the setD- and by (ii) in the de nition
of the setProj | fori= 1;:::;1 we have:

(??) { (a)={(a):

For any s 2 DV¥ let Pro j° be the set of all projections which are
injections on the set s[X][ {[A].

8 If * is a pure monadic formula (without '=' and individual constants; k > 0 and
I = 0= n), then the given proof is \classical'. In this case, we may also suppose that
D =D=and{ (P):=f 2D= :  {(P)g. Moreover, if ' is a monadic formula
with individual constants and without =' (k > O and | = 0= n), we may suppose that
D =D=,{(P):=f 2D= : {(P)g and {: (b) := k{(b)k. In both casesthere
exists exactly one \canonical" projection kK k:D 3 d7! kdk2 D .
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Lemma 1. Forany s2 DV¥: Proj° 6

Pro of. Notice that for any s 2 DV® and i = 1;:::;m we have the
condition (ii% and jD; \ (s[X][ {[AD)j D7 [ (Di\ {[A]j. Actually, D;\
(sIXIT {IAD) = (Di\ s[XD[ (Di\ {[A) = ((Di A{[AD\ s[X]) [ (Di\
{TAIN sIXD [ (Di\ {[A]) = ((Di  {[AD\ s[X]) [ (Di\ {[A]). Moreover,
jOi {[AD\ s[X]i min(jD; {[Alin) jD7jandD?\ {[A]= . Thus
iDi\ (sIXI[ {[ADj iD{i+ jDi\ {[Ali = jD{ [ (Di\ {[AD. u

Forany s2 DV®¥ and 2 Proj wehave s2 DY¥. Moreover:

Lemma 2. Supposethat is a subformula of ' . Then for any s 2 DV&
and 2 Proj®:

LiE [ sl i IFE [s:

Pro of. Induction on . If is atomic, either

(@) for somey2 Varandi = 1;:::;k, = p;(y), or

(b) for someb2 NLandi = 1;:::;k, = p;(b), or

(c) for somey 2 Var, =y=: y, or

(d) for someb 2 NL, = b= b, or

(e) for somei;j = 1;:::;n, 16 ), =X = X,o0r

(f) for somei;j = 1;:::;1,1 6 j, =a4-=:a,-,or

(g) forsomei = 1;:::;nandj = 1;:::51, =xi=:aj-or =aj-=:xi.

Let sand be arbitrary membersof DV¥ and Pro j° respectively.

In the rst case: |- F pi(y)[ s]iff (s(y) 2 { (p) iff | by the
deniton of { |  (s(y)) 2 {(m) iff | by (?) and (ii% | s(y) 2 {(p) iff
I F pi(y)[s].

In the secondcase: |- F pi(b)[ s]iff { (b) 2 { (p;) iff | by the
denition of { |  7({(b)) 2 {(p) iff | by (?) and (i | {(b) 2 {(py) iff
I F pi(b)[s].

In cases(c) and (d): istrue in both I. and|.

In case(e): |- E X = X[ s]iff (s(x)) = (s(x)) iff | by the
de nition of Pro j° | s(x) = s(x) iff | F X = X [s].
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In case(f): I F & = g[ s]iff { (a)={ (g)iff | by (?7) |
{(@)={(3) iff I F & = &[s].

Incase(g): I F x =g [ s]iff (s(x)) ={ (g)iff | by (?9) |

(s(xi)) = {(g) iff | by (i) in the de nition of Proj| (s(xi)) = ({(g))

iff | by the de nition of Pro j°| s(x) = {(g)iff | F X = g [s]. Similarly
for g = X

if =: then: I. [ sliffnotl.- g [ 9]iff | by the
hypothesisof the induction | not| E [s]iff | E [9].

The argumert is similar if  is a conjunction or other truth-functional
compound of simpler formulas.

Supposethenthat =8y .Letl. F8y [ s]ie forale2D:,
I F ( 9 § . Let d be an arrl?itrary member of D. Then, since

|
d — (d) P (d) i i
S = S and | S , it follows that |-
hSy S0 9y FoC s 7 it F
s § . Hence,by inductive hypothesis,| F s | . So Ihj= 8y [s].
|
Conversely assumethat | F 8y [s], i.e., for arlll d2D,lE s 3 . Let
i

e

e be an arbitrary mﬁrrber ofD-. Thenl F s y - Hence, by inductive
[

hypothesis, |- S § : Morﬁo\/er, by (ii) in the de nition of Pro j,
|
s, = s),.Thusl- E  ( s)J .Sol- F8y [( 9
The argumert is similar if is an existertial quarti cation of asimpler
formula. u

Supposenowthat |- ' . Lets:Var! D beanarbitrary assignmen.
Then s:Var! D. forany 2 Proj®. Thusl- ' [ s]. Therefore
I £ ' [s], by Lemma2. Sol ' .

Assumethat | = '. Let s: Var! D: be an arbitrary assignmen
Then alsos: Var! D;sol ' [s]. Hence,by Lemma2,1- E ' [ 9]
forany 2 Pro j°. Moreover, by property (ii) in the de nition of Pro j, we
have s = s. Thereforel- E ' [s]. Thusl. F'. u

4. Corollaries
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Both from the \if " part of (y) and from the \only if" part of (y) in
Theorem 1 we obtain:

Corollary 1. For any ' 2 Form the following conditions are equivalert:

() ' islogically valid;
(i) " istrue in ewvery interpretation, whosedomain corntains at most | +
2 n* members;

wherek, | and n* we de ned in the introduction and in section 3.

Pro of. \) " By the de nition of logically valid formulas.

\'( " Proofby the\if " part of (y). Let| bean arbitrary interpretation
of Form. Then |- E ', by (ii).

(a) Therefore, by using the \if " part of (y), | ' . So
valid.

is logically

(b) Let cl(" ) be a universal closureof ' . Then |- E cl(' ) and not
I- F :cl("), sincecl(' ) is a sertence. Therefore, by using the \only if"
part of (y), not I F :cl(" ). Hencel g cl(")and | E '. So' is logically
valid. u

Corollary 2. Supposethat ' 2 Form, respectively:

1) contains no individual constarts,

2) contains no one-placepredicate letters,

3) contains no non-logical symbols,

4) doesnot corntain the equals-sign,

5) doesnot contain the equals-signand any individual constarts.

Then ' is logically valid iff * is true in every interpretation whosedomain
contains, respectively, at most:

1) 2 n*
2) |+n*
3) n*
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4) 2
5) 2%
memnbers.

5. Expressiv e power of sentences from Form

5.1. Let beagiven satis able sertence which contains no individual

occurin (k> 0), andthat hasn distinct variablesin non-tautological
identities (possiblyn = 0). Let n* := max(n; 1).

tinct variablesfrom Var. For 0<j n* and for any sequenceh {;:::; i
of zerosand oneswe say that:

p,* P (%) abbreviates PL(X) N N pk (%)

I
=

i — pi(X') if i -
P (Xj) " . pi(JXj) if i 0.

Moreover

Ep,' pr=0 abbreviates DOXi Pt Pt (X))
and forany 0< m< n*:
Ep,' prf=m abbreviates

\Y . ; \Y :
R ) | P, P (X)) N X ExN
1j m 1 i m

N 8Xm+1 (P pkk (Xm+1) Xi = Xm+1))
1

The sertence\Ep,"* pf = m" sas that there exist exactly m elemers
which are p;*  p/“ers. Finally:

+

abbreviates

V \ ;
9%y 111 9%, ( (SR A O DR X = X))
1) n 1 i n

Ep, pf n
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The sertence\Ep;" p* n*" saysthat there exist at leastn® elemerts
which are p;*  p/fers.

We prove semarically that the sertence is equivalent to somesen-
tence ¢ in canonical disjunctive normal form. The sertence 4 will
be a disjunction (possibly degenerate),ead disjunct in which is a conjunc-
tion of the following form:

v 1 k 1 k +
Ep, P =m .., (or Epy ps n’)
10 =031
with 2% cojuncts (exactly onefor every sequenceh 1;:::; ki) and such that
0O m,.,<n".
Let | = hD;{i be an interpretation of Form. Let {(pi)l = {(p;) and
{(p)° = D {(p,). For ewery sequenceh 1;:::; i of zerosand onesif

{py) 2\ 22\ {(py) ¥j < n* then let '1::: . bethe sertenceEp;*  pf =
Hpy) *\ oo\ {(py) ©j; otherwise let '1::: . bethe sertence Ep;"  p*
n*. For | we put the following conjunction:

The successionof conjuncts in ' is assignedby the linear order  on
( 2::: 2)2. We obtain:
Lemma 3. If I ,thenlf . t

We have (n*)2k mappings from f0;1g¥ into f0;1;:::;n*g. Let M
be the set of all of them. Any interpretation | determinesthe mapping
m' 2 M suc that

.- n if {(py) *\ o\ {(p) ¥j nt
i{(py) *\ i\ {(p) *j  otherwise

where {(pi)l is {(p;) while {(p;)° is the complemert of {(p,).
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Lemma 4. Thesetf ' : | F gisnon-empty and nite.

Pro of. For any model | of we have

| _ ( Ep pl=m' .. ifm' . <n*;
Lk Ep,; ps n* ifm' .. =n".
Hencefor all modelslq, 1, of if m't = m'2 then 't = 'z, t
By Lemma 4 we can put:
W

cdnf

| is a model of

The successiorof disjuncts in 4" s assignedby the linear order on
M de ned by the condition: m' m? iff (m',. coom'y o L ) e <
L

K T K

J ,« )n+ +1 Wherethe setfO0, 1g¢ is ordered linearly by
k

2k ...

(mjl... L.m
1 k 1o

Theorem 2. The sertences and " are equivalert.

Pro of. Supposethat | £ . Sinceby Lemma 3 we have | ',
| £ < by the de nition of cdnf

Let, on the other hand, | = WD;{i and | F " Then, by the
de nition of ¢ for somemodel J= hE;|i of weobtainl F 7.

Sincel F Jl::: .....

HPo) '\ sV {(p) M= l(Pn) P\ sV [ (p) Kj<on”
or
o) *\ sV {(p) *) n® oand j(py) P\ sV (P KjonT

Letl =MD ;{iandJ = hE ;| i be interpretations obtained by
the proceduregiven in the proof of Theorem 1. Let p > 0 be the number
gf sequencesh Litg ki for which {(p;) *\ :::\ {(px) * 6 . ThenD =

P, D7andE = ", E7 wherefor j{(p;) *\ :::\ {(py) j=m .., >0

k
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we choose from the sets{(p;) *\ :::\ {(p) * and [(py) * \ i\ [(py) &
respectively subsetsD;? and E such that jD7j = jE7j = min(m .. ;n*).
There is a one-onefunction h with domain D and rangeE such that

{(p) and| (p) = E \ [(p)-

By induction on the length of formulasit is easyto show that: | |
iff J . HencedgE iffd E iffl E iffl F , by Theorem 1.
SinceJF ,weobtain | F . t

Remark. There is an e ective procedurefor nding "

Actually, the sertence is satis able iff the sertence: isnot logically
valid. Since,by Corollary 2, the secondfact is decidable,sois the rst fact.

For a given k and n we sa that the interpretation 1, and I, are
equivalert (we write: 11 1,) iff m't = m'2. Clearly, is an equivalence
relation. There exist (n*)2k equivalenceclasses.

For any interpretation | we havel | wherel is dened in Theo-
rem 1 (the domain of | is nite). Moreover,if I, l,then 't = 'z, (By
the method usedin the proof of Theorem 2, we can obtain that: if I, |5,
thenl, iff I, 5 )

Finally, we can choosefrom any equivalenceclassof the relation an
interpretation | whosedomain is nite. For | we have an e ective method

for deciding whether is true in | or not. In the rst casewe add ' to
cdnf
. t

5.2. Let beagiven satis able sertence which contains no individual
constarts and no one-placepredicate letters, i.e., k = 0. Supposethat
hasn > 0 distinct variablesin non-tautological identities.

variables from Var and for any 0 < m < n we establish that:
E=m abbreviates

\% : A w :
Oy i 5 9% ( DX =X N BXmaa X = Xm+1):
1 i m 1 i m
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The sertence\E = m" says that there exist exactly m elemerts.
. \ :
E n abbreviates 9%y 109X ( X = X))
1 i n
The sentence\E n" says that there exist at least n elemers.

We prove that the sertence is equivalert to somesertence 4 in
canonical disjunctive normal form. The sertence ¢ will be a disjunction
(possibly degenerate),in which ead disjunct hasthe following form:

E=m (orE n)

where0< m < n.

Let | = hD;{i be an interpretation of Form. If jDj < n then let ' be
the sertence E = jDj; otherwiselet ' bethe sertenceE n. We obtain:

Lemma 3% If IF ,thenl | '. t

Lemma 4°% Thesetf ' : 1 E gisnon-empty and nite. t

By Lemma 4° we can establish that:

cdnf ._ W .

| is a model of

The successiorof disjuncts in " js the sameas the natural succession
in the setfl;2;:::;ng.
The proof of the following theoremis similar to the proof of Theorem 2.

Theorem 2° The sertences and ° are equivalert. t

5.3. Let beagivensatis able sertencefrom Form. Let P bethe set
of k predicate letters (possibly k = 0) occurring in . Let B be the set of
g name letters occurring in subformulas p(b) of , andlet A be the set of
| nameletters that occur in non-tautological identities in  (possiblyg= 0
and/or | = Oand/or B \ A 6 ). Moreover, let have the n variables
in non-tautological identities (possibly n = 0).
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It is possibleto shaw that the sertence is equivalent to somesertence

¢dnf in canonical disjunctive normal form. 4 s a disjunction (possibly

degenerate),eadt disjunct in which is a conjunction, the conjuncts in which

are of certain speci ed forms. Every conjunct must be either p(b) or a = g0

or the negation of them (for somep 2 P , b2 B andga’2 A), or
analogoussertencesto thosein 5.1 (resp. in 5.2if k = 0).

6. Notes about the estimations in [2]

G. Boolosand R. Jerey (and R. Jensen)provedin [2, p. 252{254]for
sentenceswithout individual constars that:

If is a monadic sertence which is satis able, then s true in
someinterpretation whosedomain cortains at most 2 r members,
k being the number of predicate letters and r being the number
of variablesin . (Theorem 1, p. 250)*

From this, one easily concludes:

If is a sertence cortaining no non-logical symbols, then if s
satis able, istrue in someinterpretation whosedomain contains
no more menbers than there are variables in . (Theorem 2,
p. 254)

Another consequenceof Theorem 1 from [2] is a result about pure
monadic sertences,i.e., serntenceswithout the equals-signand individual
constarts:

If is a pure monadic sertence which is satis able, then s
true in some interpretation whose domain cortains at most 2K
members. (Theorem 3, p. 254)

The last theorem is an immediate consequenceof Theorem 1 by the fact
that:

4 For monadic formulas containing no individual constants, we obtain from Theo-
rem 1: a formula ' is logically valid iff ' is true in every interpretation whose domain
contains at most 2K r members.
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Any pure monadic sertence is [logically] equivalert to a pure
monadic sertence [i.e. they are true in the sameinterpretations]
containing exactly the same predicate letters and only one vari-
able. (Theorem 4, p. 254

In exercise25.2 Boolos and Je rey have written: \Show that the esti-
mates 2 r, r and 2¢ in Theorems1, 2, 3 cannot be reduced". Actually
the estimatesin Theorems1 and 2 cannot be reducedby the method used
in the proof of Theorem 1 in [2] (cf. the relation of exact likenessof two
nite sequencef elemerns of domains of interpretations). Howewer, we
have preseried here a method which improvestheir estimations.

Obsene that for the sertencescontaining no individual constarts, a
corollary of the \only if" part of (y) is:

1

Corollary 3. If a sertence' is satis able, then ' is also true in some
interpretation whosedomain contains at most 2 n* members, k beingthe
number of predicate letters and n* being the number of variablesin non-
tautological identities which are subformulasof' , or when non-tautological

+ —

identities do not occurin ', n* =

Corollary 3 we can obtain also from Theorem 1 in [2] and from the
following analogueof Theorem 4 in [2] (which we do not prove):

For any monadic sertence there exists a monadic sertence °© which
hasthe properties:

() and Oarelogically equivalert;

5 For pure monadic formulas, a corollary of Theorem 4 is: a formula ' is logically
valid iff ' is true in every interpretation whose domain contains at most 2 members.
For a formula ' (X1;:::;X;81;:::;8q) | containing r n* variables and q |
individual constants | we write ' (X1;:::; X Xr+1 ;015 X+ ) for the formula obtained
by replacing all occurrences of & in ' (X1;:::;X;@&;:::;8g) by Xe+i. If Xi 6 X
fori;j = r+ 1;::;r+qgandi 6 j, then: ' (Xg;:::;X;81;:::;8q) is logically valid
iff * (Xe;iini Xe s Xe+1 3000 Xr+ ) IS logically valid. Thence, by Theorem 1, we obtain:
"(Xyiiini X ;005 @) is logically valid iff ' (Xp;iin X Xe+1 500 X+ g) IS true in ev-
ery interpretation, whose domain contains at most 2 (q+ r) members. Let us notice
that 2 (q+r) |+ 2% n*,
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(i)  and °cortain exactly the samepredicate letters (possibly none);

(i) © hasas many variablesas in non-tautological identities or, when
non-tautological identities do not occur in , then © hasexactly one
variable.
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