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ALGEBRAS

A b s t r a c t In this paper we de�ne three classesof classical modal
relevant algebras (CR-algebras), and study they representation the-
ory. We also investigate su�cien ts conditions that make the class be
the same. We �nish the work characterizing the simple and subdi-
rectly irreducible algebras for a particular variet y of CR-algebras.

1. In tro duction

R. Meyer and E. Mares [10] studied the logic CN R, a classicalrelevant
logic with a modal connective. Such logic is of type S4. As it has been
noted in [10], the addition of a modal operator � in the languageof classical
relevant logic and the axioms �' ∧ � → � (' ∧  ) and � (' ∧  ) →

(�' ∧ � ) do not necessarilyproducetheoremssuch that as� (' →  ) →
�' → � or (♦' → � ) → � (' →  ). These formulas are well known
theoremsof classicalmodal logic [9]. We will de�ne here classicalrelevant
algebraswith a modal operator. Weshall investigatesometypesof algebras
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that are obtained by addition of distinct axioms. For these algebras we
will develop a topological dualit y. The results of dualit y are basedon the
usual dualit y for modal algebras and the dualit y recently developed by
A Urquhart [15] for relevant algebrasby meansof Priestley spaces. The
Urquhart's dualit y is an extension of the dualit y given by Brink [3] for
Boolean monoides.

In Section 2 we will give the necessaryde�nitions and results in order
to develop this work. In Section3, wewill give the above mentioned dualit y.
Section4 is devoted to determine someconditions that make the considered
algebrasidentical. At last, in Section5, we will characterize the simple and
subdirectly irreducible algebrasfor a particular variety of algebras.

2. Preliminaries

De�nition 1. A classicalrelevant algebra,or CR-algebra for short, is
an algebra A = 〈A; ∨;→; ◦;¬; e;0〉 such that:

1. 〈A; ∨;¬; 0〉 is a Boolean algebra,

2. a ◦ (b∨ c) = (a ◦ b) ∨ (a ◦ c) ;

3. (a∨ b) ◦ c = (a ◦ c) ∨ (b◦ c) ;

4. e ◦ a = a;

5. a ◦ 0 = 0 ◦ a = 0;

6. a ◦ b≤ c ⇔ a ≤ b→ c;

for all a;b;c ∈ A.

The variety of CR-algebrasis a particular caseof the relevant algebras
studied in [15]. Someclassicalrelevant algebrasare also studied by Brink
[3].

Let A be a CR-algebra. The element e is de�ned to be the neutre
element of the algebraA, and it determinesthe order betweenthe elements
of A, i.e. a ≤ b ⇔ e ≤ a → b. The �lter generatedby a subset X ⊆ A
will be denoted by F (X ), and the collection of all �lters will be denoted
by Fi (A).
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Let A be a CR-algebra and let Ul (A) be the set of all ultra�lters of
A. Let X and Y be subsetsof A. We de�ne by meansof the operation ◦,
the set

X ◦ Y = {a ◦ b : a ∈ X and b∈ Y} :

We de�ne a ternary relation TA ⊆ Ul (A)3 as follows: for all P; Q; D ∈

Ul (A),

(P; Q; D) ∈ TA ⇔ P ◦ Q ⊆ D:

We will denote by E (A) the set of all ultra�lters P such that e∈ P.

The following results summarizeknown results on the relation TA. For
a proof of theseresults the reader is referred to [3], [13] or [15].

Theorem 2. Let A be a CR-algebra. Then:

1. Let F1; F2 ∈ Fi (A) and P ∈ Ul (A). Then F1 ◦ F2 ∈ Fi (A), and if

F1 ◦F2 ⊆ P , then there exist Q; D ∈ Ul (A) such that F1 ⊆ Q, F2 ⊆ D
and Q ◦ D ⊆ P .

2. Let a;b∈ A and P ∈ Ul (A). Then a ◦ b∈ P if and only if there exit

Q; D ∈ Ul (A) such that a ∈ Q, b∈ D and Q ◦ D ⊆ P .

3. Let a;b ∈ A and P ∈ Ul (A). Then a → b ∈ P if and only if for any

Q; D ∈ Ul (A) such that, if P ◦ Q ⊆ D and a ∈ Q, then b∈ D .

4. For all P , Q ∈ Ul (A) and for all E ∈ E (A), E ◦P ⊆ Q if and only if

P = Q.

Let us recall that a modal algebra is an algebra A = 〈A; ∨; ¬; �; 0〉
where 〈A; ∨; ¬; 0〉 is a Boolean algebra and � is an unary operator such
that it veri�es the identities:

M1 � (a ∧ b) = �a∧ �b,

M2 �1 = 1:

The dual operator ♦ is de�ned as ♦a = ¬�¬a. Let us denote a ⊃ b the
classicalimplication. Recall that the following inequalities are veri�ed for
all a;b∈ A;
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1. � (a ⊃ b) ≤ �a ⊃ �b,

2. ♦a ⊃ �b≤ � (a ⊃ b) ;

3. ♦ (a ⊃ b) ≤ (�a ⊃ ♦b).

Let A be a modal algebra. For the set Ul (A) we can de�ne a binary
relation RA as follows: for all P; Q ∈ Ul (A),

(P; Q) ∈ RA ⇔ �−1 (P) ⊆ Q ⇔ Q ⊆ ♦−1 (P) :

The pair 〈Ul (A) ; RA〉 is called the frame associated to A.

Lemma 3. Let A be a modal algebra, let a ∈ A, and let P ∈ Ul (A).
Then

1. �a =∈ P ⇔ ∃ Q ∈ Ul (A) such that (P; Q) ∈ RA and a =∈ Q.

2. ♦a ∈ P ⇔ ∃ Q ∈ Ul (A) such that (P; Q) ∈ RA and a ∈ Q.

In order to obtain a topological dualit y for the algebrasthat we shall
introduce in the next section, we shall recall someconceptsof topological
dualit y for Boolean algebras. Somefamiliarit y with topology, particularly
with Booleanspacesand modal spaces,is assumed(see,for example, [14]).

A Boolean space X is a topological space that is compact and to-

tally disconnected, i.e., given distinct points x; y ∈ X , there is a clopen
(closed and open) subset U of X such that x ∈ U and y =∈ U. If X is
a Boolean space, then the family Clop(X ) of clopen subsets is a basis
for X and a Boolean algebra under set-theoretical complement and inter-
section. Also, the application " : X → Ul (Clop(X )) given by " (x) =
{U ∈ Clop(X ) : x ∈ U} is a bijective and continuous function. To each
BooleanalgebraA, we can associate a BooleanspaceSpec(A) whosepoints
are the elements of Ul (A) with the topology determined by the basis
� (A) = {SA (a) : a ∈ A}. By the above we have that, if X is a Boolean
space, then X ∼= Spec(Clop(X )), and if A is a Boolean algebra, then
A ∼= Clop(Spec(A)).
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A mo dal space [14] is a pair 〈X ; R〉 whereX is a Booleanspaceand
R is a binary relation on X such that:

1. R (x) is a closedset for each x ∈ X .

2. ♦R (U) = {x ∈ X : R (x) ∩ U 6= � } ∈ Clop(X )

The condition 2. above is equivalent to

�R (U) = {x ∈ X : R (x) ⊆ U} ∈ Clop(X )

for each U ∈ Clop(X ).

If 〈X ; R〉 is a modal space,then Clop(X ) with the unary operator �R

is a modal algebra. If A is a modal algebra, the pair 〈Spec(A) ; RA〉 is a
modal space.

3. Classical Mo dal Relev ant Algebras

Now, we will consideralgebrasthat are CR-algebrasand modal alge-
bras simultaneously. We will give a representation theorem for each class
of algebrasconsidered.

De�nition 4. A classicalmodal algebra, or CM R-algebra, is an al-
gebra

A = 〈A; ∨;→; ◦;¬; �; e;0〉 such that A = 〈A; ∨;¬; �; 0〉 is a modal algebra
and A = 〈A; ∨;→; ◦;¬; e;0〉 is a CR-algebra.

The inequalities � (a ∧ b) = �a ∧ �b and �1 = 1 are not enough to
produce formulas similar to formulas 1, 2 and 3 of the above section, with
the relevant implication → instead of the classical implication. This fact
motivates the following de�nition.

De�nition 5. Let A be a CM R-algebra. We will say that A is a
CM R1, CM R2, or CM R3-algebra, if A satis�es the following conditions
respectively,

M 1 � (a → b) ≤ �a → �b,
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M 2 ♦a → �b≤ � (a → b) ;

M 3 ♦ (a → b) ≤ (�a → ♦b).

Let us note that M 1 is equivalent to:

M ′

1 �a ◦ �b≤ � (a ◦ b).

Let us assumeM 1. Sincea ≤ b→ (a ◦ b), then by M 1 and the monotony

of �, we get �a ≤ � (b→ (a ◦ b)) ≤ �b → � (a ◦ b). Hence, �a ◦ �b ≤

� (a ◦ b). Let us now supposeM ′

1. Since(a → b) ◦a ≤ b, we get � (a → b) ◦

�a ≤ � ((a → b) ◦ a) ≤ �b. Thus, � (a → b) ≤ �a → �b.

Let us considera relational structure 〈X ; R; T; E 〉, whereR is a binary

relation on X , T is a ternary relation on X , and E is a subset of X . Let

us also consider the following �rst-order conditions:

EM 1 ∀x∀y∀z∀d(Txyz ∧ Rzd ⇒ ∃x ′∃y′ (Rxx ′ ∧ Ryy′ ∧ Tx ′y′d)) .

EM 2 ∀x∀y∀z∀d(Rxy ∧ Tyzd ⇒ ∃z′∃d′ (Rz′z ∧ Rd′d∧ Txz ′d′)).

EM 3 ∀x∀y∀z∀d(Txyz ∧ Rxd ⇒ ∃y′∃z′ (Ryy′ ∧ Rzz′ ∧ Tdy′z′)) .

Let us considerthe structure 〈X ; R; T; E 〉. Let D be a subsetof P (X ). For

each U;V ∈ D, we de�ne the operations ∗ and ⇒ as follows:

U ∗ V = {z ∈ X : ∃x; y : Txyz & x ∈ U & y ∈ V} :

U ⇒ V = {x ∈ X : ∀y; z : Txyz & y ∈ U, implies z ∈ V} :

We shall write (x; y; z) ∈ T ⇔ (x; y) ∈ T−1 (z) ⇔ z ∈ T (x; y).

If the condition EM i, i = 1; 2; 3, is valid in 〈X ; R; T; E 〉, we shall write

〈X ; R; T; E 〉 � EM i. In a similar way , if an inequality ' ≤  is valid in an

algebra A, we will write A � ' ≤  .

The next theorem is the key result of this work.
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Theorem 6. Let A be a CM R-algebra. Then

1. A � M 1 ⇔ 〈Ul (A) ; RA; TA; E (A)〉 � EM 1

2. A � M 2 ⇔ 〈Ul (A) ; RA; TA; E (A)〉 � EM 2

3. A � M 3 ⇔ 〈Ul (A) ; RA; TA; E (A)〉 � EM 3

Pro of. 1. ⇒) Assumethat A � � (a → b) ≤ �a → �b and consider
P; Q; D ; Z ∈ Ul (A) such that P ◦ Q ⊆ D and �−1 (D ) ⊆ Z . We note that
�−1 (P) ◦ �−1 (Q) ⊆ Z , becauseif �a ∈ P and �b ∈ Q, then �a ◦ �b ≤

� (a ◦ b) ∈ P ◦ Q ⊆ D: Since �−1 (P) and �−1 (Q) are �lters, by point
1. of Theorem 2, there are ultra�lters P ′ and Q′ such that �−1 (P) ⊆ P ′,
�−1 (Q) ⊆ Q′ and P ′ ◦ Q′ ⊆ Z .

⇐) Let us suppose that there exist a;b ∈ A such that � (a → b) �

�a → �b. Then there is an ultra�lter P such that � (a → b) ∈ P and �a →

�b =∈ P. From point 3. of Theorem 2 and Lemma 3, there are ultra�lters
Q; D , and Z such that P ◦ Q ⊆ D, �a ∈ Q, �b =∈ D, �−1 (D ) ⊆ Z and
b =∈ Z . By hypothesisthere are ultra�lters P ′, Q′ such that �−1 (P) ⊆ P ′,
�−1 (Q) ⊆ Q′, and P ′ ◦ Q′ ⊆ Z . Since� (a → b) ∈ P, we get a → b∈ P ′,
and since a ∈ Q′, then b ∈ Z , which is a contradiction. Therefore A �

� (a → b) ≤ �a → �b:

2. ⇒) Let P; Q; D ; Z ∈ Ul (A) such that �−1 (P) ⊆ Q and Q ◦D ⊆ Z .
Let us consider the �lter F (P ◦ ♦ (D )). This �lter is proper becauseif we
suppose the contrary, then 0 ∈ F (P ◦ ♦ (D )) . Thus there are elements
p ∈ P and d ∈ D such that p ◦ ♦d = 0. It follows that p ≤ ♦d → 0, and
since 0 ≤ �0, then ♦d → 0 ≤ ♦d → �0 ≤ � (d → 0) ∈ P. But since
�−1 (P) ⊆ Q and Q ◦ D ⊆ Z , we have 0 ∈ Z , which is absurd. Thus
F (P ◦ ♦ (D )) is proper.

Let us consider the set

Z� = {�z : ¬z ∈ Z} ;

and we will prove that
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(1) F (P ◦ ♦ (D )) ∩ Z� = � :

Suppose the contrary. Then there exist elements p ∈ P, d ∈ D, and
�z ∈ Z� such that

p ◦ ♦d ≤ �z:

It follows that
p ≤ ♦d → �z ≤ � (d → z) ∈ P:

Since�−1 (P) ⊆ Q and Q ◦ D ⊆ Z , then z ∈ Z , which is impossible. Thus
(1) is valid. Now, let us consider the family

H = {F ∈ Fi (A) : F (P ◦ ♦ (D )) ⊆ F and F ∩ Z� = � } :

From (1) we have H 6= �. Moreover, H, ordered by inclusion, is
closed under unions of non-empty chains. So, by Zorn's lemma, there is
a maximal element Z ′ in H. We prove that Z ′ ∈ Ul (A). Let a ∈ A and
suppose that a =∈ Z ′ and ¬a =∈ Z ′. Then F1 = F (Z ′ ∪ {a}) =∈ H and
F2 = F (Z ′ ∪ {¬a}) =∈ H. It follows that F1 ∩ Z� 6= � and F2 ∩ Z� 6= �.
Then there areelements d1; d2 ∈ Z ′ and¬z1;¬z2 ∈ Z such that d1∧a ≤ �z1

and d2 ∧ ¬a ≤ �z2. So,

(d1 ∧ d2) ∧ (a∨ ¬a) ≤ (d1 ∧ a) ∨ (d2 ∧ ¬a)

(2) ≤ �z1 ∨ �z2 ≤ � (z1 ∨ z2) ∈ Z ′:

As ¬z1;¬z2 ∈ Z , ¬ (z1 ∨ z2) ∈ Z , and this implies that � (z1 ∨ z2) ∈ Z�.
Then, by ((2), Z� ∩ Z ′ 6= �, which is a contradiction. Thus, Z ′ ∈ Ul (A),
and sinceZ ′ ∩ Z� = �, we get

(3) �−1 (Z ′) ⊆ Z:

At last, since P ◦ F (♦ (D )) ⊆ Z ′, by point 1. of Theorem 2, there is an
ultra�lter D ′ such that P ◦D ′ ⊆ Z ′ and �−1 (D ′) ⊆ D. By this and (3) we
obtain the result.
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⇐) Let a;b∈ A and let us supposethat ♦a → �b � � (a → b). Then
by Theorem 2 and Lemma 3, there exist ultra�lters P; Q; D , and Z such
that ♦a → �b∈ P, � (a → b) =∈ P, �−1 (P) ⊆ Q, a → b =∈ Q, Q ◦ D ⊆ Z ,
a ∈ D, and b =∈ Z . Then, by hypothesis, there are ultra�lters D ′ and Z ′

such that P ◦ D ′ ⊆ Z ′, �−1 (D ′) ⊆ D, and �−1 (Z ′) ⊆ Z . So, �b =∈ Z ′,
but since♦a → �b ∈ P and ♦a ∈ D ′, we have �b ∈ Z ′, which is absurd.
Therefore, A � ♦a → �b≤ � (a → b).

3. ⇒) Let us consider P; Q; D ; Z ∈ Ul (A) such that P ◦ Q ⊆ D and
�−1 (P) ⊆ Z . First, we prove that the �lter F

�
Z ◦ �−1 (Q)

�
is proper. If

we supposethe contrary, there exits z ∈ Z and there exits �q ∈ Q such
that z ◦ q = 0, which implies that z ≤ q → 0. Then ♦z ≤ ♦ (q → 0) ≤

�q → ♦0 = ♦q → 0 ∈ P, because�−1 (P) ⊆ Z . But since �q ∈ Q and
P ◦ Q ⊆ D, we get 0 ∈ D, which is impossible. Thus F

�
Z ◦ �−1 (Q)

�
is

proper. Now it is easyto check that

F
�
Z ◦ �−1 (Q)

�
∩ ♦−1 (D )c = � ;

where♦−1 (D )c = {x : ¬♦x ∈ D}. Then there is an ultra�lter D ′ such that

Z ◦ �−1 (Q) ⊆ D ′ and �−1 (D ) ⊆ D ′:

As �−1 (Q) is a �lter, by point 1. of Theorem 2, there is an ultra�lter Q′

such that �−1 (Q) ⊆ Q′ and Z ◦ Q′ ⊆ D ′.

⇐). It is very similar to the previous proofs and hence left to the
reader. �

Theorem 7 (of Represen tation). Let A be a CM R-algebra. Then

� (A) = 〈� (A) ;∩;c ;⇒; ∗; �RA ; E (A) ; � 〉 is a CM R-algebra isomorphic to

A. Moreover, A is a CM Ri-algebra, i = 1; 2; 3, if and only if � (A) is a

CM Ri-algebra, i = 1; 2; 3, respectively.

Pro of. It follows from the results of Urquhart [15], Theorem 6, and
the Representation theorem for modal algebras(see[14]). �

Now, we shall give the topological dualit y for the varieties
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De�nition 8. Let X be a Boolean spaceand let T be a ternary re-

lation on X . We shall say that T is closed i� for all z ∈ X , T −1 (z) is a

closedset of the product spaceX ×X ; i.e., for all z ∈ X if (x; y) =∈ T −1 (z),

then there exist U;V ∈ Clop(X ) such that T−1 (z) ∩ (U;V ) = � :

De�nition 9. A CR-space is a structure 〈X ; T; E 〉 such that X is a

Boolean space,T is a ternary relation on X , E ∈ Clop(X ) and:

1. T is closed.

2. ∀x; y ∈ X (∃e∈ E ∧ Texy ⇔ x = y).

3. For all U;V ∈ Clop(X ), U ∗ V, U ⇒ V ∈ Clop(X ).

If 〈X ; T; E 〉 is a CR−space,〈Clop(X ) ;∪;→;c ; ∗; E ; � 〉 is a CR-algebra.

Reciprocally, if A is a CR-algebra, then 〈Spec(Ul (A)) ; TA; E (A)〉 is an

RC-space.For more details on theseresults see[15].

The next result gives an equivalent condition to the condition 1. of

the above de�nition.

Prop osition 10. Let 〈X ; R; T〉 be a CR-space. Then the following

conditions are equivalent:

1. T is closed.

2. (x; y; z) ∈ R ⇔ (" (x) ; " (y) ; " (z)) ∈ TClop(X).

Pro of. 1: ⇒ 2: Let (" (x) ; " (y) ; " (z)) ∈ TClop(X) and supposethat

(x; y) =∈ T−1 (z). Then, there exist U;V ∈ Clop(X ), such that (x; y) ∈

(U;V ) and T−1 (z)∩(U;V ) = �. Then U∗V ∈ " (x)∗" (y) and U∗V =∈ " (z),

which is a contradiction.

2: ⇒ 1: Let (x; y) ∈ T−1 (z) (closure of T−1 (z)) and suppose that

(x; y) =∈ T−1 (z). Then " (x) ∗ " (y) * " (z). This means that there are

U ∈ " (x) ; V ∈ " (y) such that U ◦V ∈ " (x) ∗ " (y) and U ◦V =∈ " (z). Thus,

T−1 (z) ∩ (U;V ) = �. But, since (x; y) ∈ (U;V ) and (x; y) ∈ T−1 (z), we

obtain T−1 (z) ∩ (U;V ) 6= �, so we have a contradiction. �
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De�nition 11. A modal CR-space,or CM R-space,is a structure of
the form 〈X ; T; R; E 〉 where 〈X ; T; E 〉 is a CR-spaceand 〈X ; R〉 is a modal
space.

Lemma 12. Let 〈X ; R; T; E 〉 be CM R-space. Then for all x; y ∈ X ,

T (x; y) is a closed set of X .

Pro of. Let x; y; z ∈ X and supposethat z =∈ T (x; y). Then (x; y) =∈
T−1 (z) and sinceT−1 (z) is a closedset of X 2, there exist U;V ∈ Clop(X )
such that x ∈ U, y ∈ V and T−1 (z) ∩ (U;V ) = ∅. Thus z =∈ U ∗ V and
T (x; y) ⊆ U ∗ V. Therefore T (x; y) is a closedset of X . �

Theorem 13. Let A be a CM R-algebra and let 〈X ; R; T; E 〉 be a

CM R-space. Then

1. Clop(Spec(A)) is a CM R-algebra isomorphic to A.

2. Spec (Clop(X )) is a CM R-space homeomorphic to X .

Pro of. These results follow from the results given in [15] for the
dualit y of relevant algebrasand the results given in [14] for the dualit y of
modal algebras. �

Theorem 14. Let 〈X ; R; T; E 〉 be a CM R-space. Then

1. 〈X ; R; T; E 〉 � EM 1 ⇔ Spec(Clop(X )) � M 1

2. 〈X ; R; T; E 〉 � EM 2 ⇔ Spec(Clop(X )) � M 2

3. 〈X ; R; T; E 〉 � EM 3 ⇔ Spec(Clop(X )) � M 3

Pro of. It follows from Theorem 6 and the dualit y for relevant and
modal algebras. �

By an abuse of notation, we shall denote by CMR the category of
CM R algebrasand homomorphisms of CM R algebras. The category of
CMR -spacesand p-morphism, as de�ned by Urquhart in [15l, shall be de-
noted by ECMR : We are going to de�ne functors F : CMR → ECMR
and P : ECMR → CMR as follows. For each algebra A we consider
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the space F (A) = 〈X (A) ; RA; TA; E (A)〉 : If h : A1 → A2 is a ho-
momorphism of CMR algebras, then F (h) : F (A2) → F (A1) given
by F (h) (P) = f −1 (P) is a p-morphism. If 〈X ; R; T; E 〉 is a CMR
space, then P ( 〈X ; R; T; E 〉) = Spec(Clop(X )) is a CMR algebra. If
f : 〈X 1; R1; T1; E1〉 → 〈X 2; R2; T2; E2〉 is a p-morphism, then the function
P (f ) : Spec(Clop(X 2)) → Spec(Clop(X 1)) given by P (f ) (U) = f −1 (U)
is a homomorphismof CMR algebras. From results on the dualit y between
the categoryof Booleanalgebrasand the categoryof modal spaces,and the
results on the dualit y betweenrelevant algebrasand relevant spaces[15], we
have that the categoriesCMR and the category ECMR are equivalents.
This dualit y is easyto extend to the CM Ri-algebras.

4. CM R-algebras with negation

Now, we will study the following question. Under which conditions the
inequalities M 1, M 2 or M 3 are equivalent? To answer this questionwe will
consideralgebraswith a De Morgan negation.

We will say that 〈A; ∨;→; ◦; e;¬;∼; 0〉 is a CM R∼-algebra if
〈A; ∨;→; ◦; �; e;¬; 0〉 is a CM R-algebra,〈A; ∨; ;∼; 0〉 is a De Morgan alge-
bra, and the following condition is veri�ed:

Mo A � a →∼ b≤ b→∼ a:

It is easyto check that Mo is equivalent to:

Mo' a ◦ c ≤ b⇒ a◦ ∼ b≤∼ c, for all a;b;c ∈ A.

Let us recall that a symmetrical Boolean algebra 〈A; � 〉 is a Boolean
algebraA such that � is an involutiv e automorphism (see[1]) , i.e. � 2x = x,
for all x ∈ A. If A is a CM R∼-algebra, then the equation �x = ¬ ∼ x
de�nes an involutiv e automorphism. We note that � is a homomorphismof
Boolean algebra but not necessaryis a homomorphism for the operations
◦, → or �.

If A is a CM R∼-algebra, then we can de�ne an involution g on Ul (A)
given by: g (P) = {x :∼ x =∈ P}, for P ∈ Ul (A). Since for all x ∈ A,
∼ ¬x = ¬ ∼ x, then g(P) = � (P) for all P ∈ Ul (A).
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Theorem 15. Let A be a CM R∼-algebra. Then the following condi-

tions are equivalent:

1. ¬�¬a = ∼ � ∼ a,

2. � �a = ��a;

3. � (∼ a ∨ b) ≤∼ �a∨ �b.

Pro of. 1: ⇒ 2: Let a ∈ A. Then

� �a = ¬ ∼ �a = ¬ ∼ � ∼∼ a = ¬¬�¬ ∼ a = ��a

2: ⇒ 3. Let us recall that for any Boolean algebra the following in-

equality is veri�ed: � (¬a∨ b) ≤ ¬� ∨ �b, for all a;b∈ A. So,

� (∼ a∨ b) = �¬¬ (∼ a∨ b) = � (¬�a ∨ b)

≤¬��a ∨ �b = ¬� �a∨ �b

= ∼ �a∨ �b:

3: ⇒ 1. Since1 = a ∨ ¬a = ∼∼ a∨ ¬a, then

1 = �1 = � (∼∼ a∨ ¬a) ≤∼ � ∼ a∨ �¬a:

It follows that ¬�¬a ≤∼ � ∼ a.

Since1 = ¬ ∼ a∨ ∼ a = ∼ ¬a∨ ∼ a, then

1 = �1 = � (¬ ∼ a∨ ∼ a) ≤∼ �¬a∨ � ∼ a:

So, �¬a∧ ∼ � ∼ a = 0. Thus, ∼ �¬a ≤ ¬�¬a. �

Now, we shall give an equivalent condition to the conditions of Theo-

rem 15 but in terms of 〈Ul (A) ; RA; g〉.
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Theorem 16. Let A be a CM R∼-algebra. Then the following condi-

tions are equivalent

1. For all a ∈ A, � �a = ��a

2. For all P; Q ∈ Ul (A), if (P; Q) ∈ RA, then (g (P) ; g (Q)) ∈ RA.

Pro of. Assume that for all a ∈ A, we have � �a = ��a , and
let P; Q ∈ Ul (A) such that �−1 (P) ⊆ Q. If a ∈ �−1 (g (P)), then

� �a = ��a ∈ Q. It follows that a ∈ g(Q).

Assumethat (P; Q) ∈ RA, implies that (g (P) ; g (Q)) ∈ RA. Suppose
that � �a 6= ��a . Then there exists P ∈ Ul (A) such that � �a ∈ P
and ��a =∈ P. Then, by Lemma 3, there is an ultra�lter Q such that

(P; Q) ∈ RA and �a =∈ Q. Since�−1 (g (P)) ⊆ g(Q) and � �a ∈ P, we get
a ∈ g(Q), which is a contradiction. Therefore � �a ≤ ��a . The proof of
��a ≤ � �a is similar. �

De�nition 17. Let A be a CM R∼-algebra. We shall say that A is
symmetrical if � is a modal homomorphism.

Let A be a CM R∼-algebra. Let us recall the following equivalences

betweenconditions de�ned on A and conditions de�ned on 〈Ul (A) ; TA〉.

N A � a →∼ b ≤ b →∼ a i� ∀P; Q; D ∈ Ul (A), (P; Q; D) ∈ TA implies
that (P; g (D ) ; g (D )) ∈ TA.

C A � a ◦ b = b◦ a i� ∀P; Q; D ∈ Ul (A), (P; Q; D) ∈ TA implies that
(Q; P; D ) ∈ TA.

We shall say that A is commutativ e if it veri�es C.

Theorem 18. Let A be a symmetrical CMR∼-algebra that is com-

mutative and verifies N : Then M 1 and M 3 are equivalent.

Pro of. Let A be a CM R∼-algebra and let us consider

〈Ul (A) ; RA; TA; E (A)〉 :
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By Theorem 6 it is enough to prove that the conditions EM 1 and EM 3

are equivalent. Supposethat the condition EM 1 is veri�ed and we prove
EM 3. Let x; y; z; d ∈ X = Ul (A) such that (x; d) ∈ RA and (x; y; z) ∈ TA:
Then, by Theorem 16, we have

(y; x; z) ∈ TA and (g (x) ; g (d)) ∈ RA;

and by condition N , we have

(y; g (z) ; g (x)) ∈ TA and (g (x) ; g (d)) ∈ RA:

Then there exist y′; z′ ∈ X such that (y; y′) ∈ RA, (g (z) ; z′) ∈ RA, and
(y′; z′; g (d)) ∈ TA. By condition N and condition C, (d;y′; g (z′)) ∈ TA,
and by Theorem 16, (z; g (z′)) ∈ RA. Then EM 3 is valid.

The proof that EM 3 implies EM 1 is similar. �

Theorem 19. Let A be a CM R∼-algebra such that ♦�a ≤ a, for all

a ∈ A. Then M 2 and M 3 are equivalent.

Pro of. Let us recall A � ♦�a ≤ a i� RA is symmetrical relation. By
Theorem 6 it is su�cien t to prove that the conditions EM 2 and EM 3 are
equivalent.

Assume EM 2 and let x; y; z; d ∈ Ul (A) such that (x; d) ∈ RA and
(x; y; z) ∈ TA. SinceRA is symmetrical, (d;x) ∈ RA. By the assumption,
there exist y′, z′ ∈ Ul (A) such that

(z; z′) ∈ RA; (y; y′) ∈ RA and (d;y′; z′) ∈ TA:

So, (z′; z) ∈ RA and (y′; y) ∈ RA, becauseRA is symmetrical. Thus EM 3

is valid.

The proof of that EM 3 implies EM 2 is similar. �

Corollary 20. Let A be a commutative and symmetrical CM R∼−algebra

which verifies N and ♦�a ≤ a. Then the conditions M 1, M 2 and M 3 are

equivalent.
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5. Some simple and sub directly irreducible algebras

Let us recall that an R¬-algebra([3]) is a classicalrelevant algebrawith
negation and it veri�es N , it is commutativ e, the operation ◦ is associative
and a ≤ a◦a, for all a ∈ A. A modal R¬-algebra,or M R¬-algebra, is a pair
〈A; �〉 such that A is an R¬-algebra, is a modal algebra, and �e = e . We
will characterize the simple and subdirectly irreducibles M R¬-algebras.

Let A be an R¬-algebra. A relevant filter of A is a �lter F such that
e∈ F . It is known (see[5], [6] and [7]) that the lattice of relevant �lters is
isomorphic to the lattice of congruencesof A

Let A be a modal algebra. An open filter of A is a �lter F such that
�a ∈ F for each a ∈ F . We know that the lattice Fn (A) of open �lters
of A is isomorphic to the lattice of congruencesof A (see[14]). Thus, by
theseobservations we have that:

Prop osition 21. Let A be a M R¬-algebra. Then the lattice Ds (A)
of the filters that are open and relevant is isomorphic to the lattice Con (A)
of congruences of A.

Let A be a modal algebraand let a ∈ A. The open �lter generatedby
a is Fn (a) = {x ∈ A : tn (a) ≤ x}, where tn (a) = a ∧ �a ∧ : : : �na. The
following results are part of the folklore of the modal algebras.

Prop osition 22. Let A be a modal algebra. Then

1. A is simple iff for all x ∈ A, if x 6= 1 then tn (x) = 0 for some n ≥ 0.

2. A is subdirectly irreducible iff there is an element a ∈ A, a 6= 1 such

that for all x 6= 1, tn (x) ≤ a, for some n ≥ 0.

Let A be an M R¬-algebra. It is well known that the ideal I (e) is a
Boolean algebra. Let us consider the modal algebra B e = 〈I (e) ; �〉.

Theorem 23. Let A be an M R¬-algebra. Then Ds (A) ∼= Fn (Be).

Pro of. Let F ∈ Ds (A). It is clear that F ∩ I (e) ∈ Fn (Be). Then
we can de�ne the function

' : Ds (A) → Fn (Be)
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given by ' (F ) = F∩I (e). Weprove that ' is bijective. Let F1; F2 ∈ Ds (A)
such that ' (F1) = ' (F2) and let a ∈ F1. Sincee∈ F1, a∧e∈ F1 ∩ I (e) =
F2 ∩ I (e). Hencea ∈ F2 becauseF2 is a �lter. Thus F1 ⊆ F2. Similarly,
F2 ⊆ F1. Therefore ' is injective.

Let H ∈ Fn (Be) and let Fn (H ) be the open �lter generatedby H in
A. We prove that ' (Fn (H )) = Fn (H ) ∩ I (e) = H . Let a ∈ Fn (H )∩ I (e).
SinceH ⊆ Fn (H ) and e∈ H , we have e∈ Fn (H ). So,Fn (H ) is a relevant
�lter. Moreover, if a ∈ Fn (H ), there exists x ∈ H and somen ≥ 0 such
that tn (x) ≤ a. Since x ∈ H , we get tn (x) ∈ H . Then a ∈ H . This
implies that Fn (H ) ∩ I (e) ⊆ H . The other inclusion is immediate. So ' is
surjective. Thus Ds (A) ∼= F (Be). �

Corollary 24. Let A be a M R¬-algebra. Then

1. A is simple iff Be is simple.

2. A is subdirectly irreducible iff B e is subdirectly irreducible.

Pro of. It follows from Propositions 21, 22 and 23. �

Studies in progressgeneralizesomeresults presented in this work to
relevant algebraswith operators.
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