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FREE THREE-V ALUED CLOSURE
 LUKASIEWICZ ALGEBRAS

A b s t r a c t. In this paper, the structure of �nitely generatedfree
objects in the variety of three-valued closure Lukasiewiczalgebras
is determined. We describe their indecomposablefactors and we
give their cardinalit y.

.1 In tro duction and Preliminaries

A  Lukasiewicz algebra of order n, or an n-valued  Lukasiewicz algebra, is
an algebra hL; ^ ; _ ; � ; ' 1; ' 2; : : : ; ' n� 1; 0; 1i , n integer, n � 2, of type
(2; 2; 1; 1; 1; : : : ; 1; 0; 0), wherehL; ^ ; _ ; � ; 0; 1i is a De Morgan algebra,and
' 1; ' 2; : : : ; ' n� 1 are lattice homomorphismssatisfying: ' i x_ � ' i x = 1,
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' i ' j x = ' j x; ' i � x = � ' n� i x; ' 1x � ' 2x � : : : � ' n� 1x; x � ' n� 1x;
x^ � ' i x ^ ' i +1 y � y for all i < n � 1. Sometimeswe will refer to these
algebrassimply as  Lukasiewiczalgebras,if there is not risk of confusion.

The notion of  Lukasiewicz algebra of order n was introduced by
Gr. C. Moisil, and was developed and investigated further by several au-
thors. Three- and four-valued  Lukasiewiczalgebrasare an algebraic coun-
terpart of  Lukasiewiczlogics. However, this is not so in the general case.
This is the reasonwhy many authors use the name \Moisil algebras" in-
steadof \  Lukasiewiczalgebras", or, at least, \  Lukasiewicz-Moisilalgebras".

We assumethat the reader is familiar with the theory of n-valued
 Lukasiewicz algebras. For the basic properties, the reader is referred to
[4], [7] and [8].

The classof  Lukasiewiczalgebrasof order n form a variety which we
will denote L n . For L 2 L n , we denote B (L) the Boolean algebra of all
complemented elements in L: It is known that x 2 B (L) if and only if
' i x = x; for every i . Since for every i = 1; : : : ; n � 1; ' i (L ) = f x 2 L :
' i x = xg; it follows that B (L ) = ' i (L ); for every i: It is also known that
a Boolean algebra is a  Lukasiewiczalgebra of order n if we de�ne � x as
the boolean complement of x and ' i x = x for all i .

Closure  Lukasiewiczalgebrashave beenstudied in [3] and [7]. A closure
 Lukasiewiczalgebra of order n is an algebrahL; Ci , whereL is a  Lukasiewicz
algebra of order n and C is a unary operator de�ned on L ful�lling the
following properties:

(C1) C0 = 0,

(C2) Cx _ x = Cx,

(C3) C(x _ y) = Cx _ Cy,

(C4) CCx = Cx,

(C5) C' i x = ' i Cx, 1 � i � n � 1.

The equational classof closure  Lukasiewiczalgebrasof order n will be
denoted by CL n .
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An important subvariety of CL n is the variety ML n of monadic  Luka-
siewiczalgebras[1, 7, 12], characterized within CL n by the equation C(x ^
Cy) = Cx ^ Cy. Another important subvariety of CL n is the variety C of
closure Boolean algebras [2, 6, 9]. C consistsof those algebrasA in CL n

that satisfy that for every element x 2 A, � x is the Boolean complement
of x.

With the operators C and � we can de�ne a new unary operator Q (an
interior operator) by Qx = � C � x, for x 2 L . This operator satis�es
the following dual conditions: (Q1) Q1 = 1; (Q2) Qx ^ x = Qx; (Q3)
Q(x ^ y) = Qx ^ Qy; (Q4) QQx = Qx; (Q5) Q' i x = ' i Qx, 1 � i � n � 1.

Closure  Lukasiewiczalgebrascanbede�ned by meansof equations(Q1)
to (Q5), and in that case,by de�ning Cx = � Q � x we obtain the closure
operator satisfying equations (C1) to (C5).

The set of open elements of L is Q(L) = f x 2 L : Qx = xg; and
the set of closed elementsof L is C(L) = f x 2 L : Cx = xg. Q(L) and
C(L) are anti-isomorphic sublattices of L such that ' i (Q(L )) � Q(L ) and
' i (C(L )) � C(L ), i = 1; : : : ; n � 1. Observe that x 2 Q(L) if and only if
� x 2 C(L):

In the closure Boolean algebra hB (L); Ci , the set of open elements is
Q(B (L)) = Q(L) \ B (L ) = f x 2 L : Q' i x = xg:

It is known that the set of open elements of a closureBoolean algebra,
in this caseQ(B (L)), is a Heyting algebra if we de�ne

x 7! y = Q(� x _ y);

for every x; y 2 Q(B (L)). On the other hand, in any  Lukasiewiczalgebra
L , we can de�ne the implication

x ) y =
n� 1^

j =1

(� ' j x _ ' j y) _ y:

With this operation L becomesa Heyting algebra [10].

Lemma 1.1 [3] For L 2 CL n , the (0; 1)� sublattice Q(L) is a Heyting
algebra if we de�ne the open implication

x ,! y = Q(x ) y);
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for x; y 2 Q(L).

Let F (L ) denotethe setof all �lters of an algebraL . A �lter F 2 F (L);
is a Stone�lter , if for each x 2 F there existsan element b 2 F \ B (L ) such
that b � x. Cignoli proved [8] that for  Lukasiewiczalgebras, the notion
of Stone �lter is equivalent to that of �lter satisfying the property x 2 F
implies ' 1x 2 F . We de�ne an open Stone �lter as a Stone �lter F such
that Qx 2 F , whenever x 2 F .

If G � B (L ) is a �lter in B (L ) that satis�es the condition Q(G) � G;
we say that G is an open �lter of B (L ):

Let F ' 1Q(L ), FQ(B (L )) and F (Q(B (L))) respectively denote the lat-
tices of open Stone �lters of L , open �lters of B (L ) and �lters of Q(B (L)).
It is not di�cult to seethat F ' 1Q(L ) and F (Q(B (L))) are isomorphic. So,
if Con(L ) denotesthe lattice of congruencesof an algebra L , we have:

Theorem 1.2 Let L 2 CL n . Then Con(L) ' F ' 1Q(L ) ' FQ(B (L )) '
F (Q(B (L))) ' Con(Q(B (L))) :

In particular, the variety CL n is congruence-distributive and has the
congruenceextensionproperty.

It is known [12] that a closurethree-valued  Lukasiewiczalgebra hL; Ci
is a monadic  Lukasiewicz algebra if and only if hB (L ); Ci is a monadic
Boolean algebra. This result also holds in the n� valued case.

Theorem 1.3 If L 2 CL n ; for all x; y 2 L the following conditions
are equivalent:

(i) C(x ^ C' i y) = Cx ^ C' i y; for all i = 1; : : : ; n � 1:

(ii) C(x ^ Cy) = Cx ^ Cy:

(iii) C(L ) is a  Lukasiewiczsubalgebra of L:

(iv) C � Cx = � Cx:

Pro of. (i) ) (ii) ' i (C(x ^ Cy)) = C(' i (x ^ Cy)) = C(' i x ^ ' i Cy) =
C(' i x ^ C' i y), for every i = 1; : : : ; n � 1. By (i), C(' i x ^ C' i y) = C' i x ^
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C' i y. Since C' i x ^ C' i y = ' i Cx ^ ' i Cy = ' i (Cx ^ Cy); it follows that,
' i (C(x^ Cy)) = ' i (Cx^ Cy); for i = 1; : : : ; n � 1, so C(x^ Cy) = Cx^ Cy:

(ii) ) (iii) By (ii) ; C is a quanti�er, so hL; Ci 2 ML n and conse-
quently, C(L ) is a  Lukasiewiczsubalgebraof L:

(iii) ) (iv) By (iii), Cx 2 C(L) implies � Cx 2 C(L); so C � Cx =
� Cx:

(iv) ) (i) x � Cx and y � Cy imply x ^ y � Cx ^ Cy; thus, C(x ^
y) � C(Cx ^ Cy) = Cx ^ Cy: Hence, for all i = 1; : : : ; n � 1, C(x ^
C' i y) � Cx ^ CC' i y = Cx ^ C' i y: For every i = 1; : : : ; n � 1, x =
x ^ (C' i y_ � C' i y) = (x ^ C' i y) _ (x^ � C' i y) � (x ^ C' i y)_ � C' i y:
Then, Cx � C(x ^ C' i y) _ C � C' i y; and taking into account (iv) ;
Cx � C(x ^ C' i y)_ � C' i y: Hence Cx ^ C' i y � [C(x ^ C' i y)_ �
C' i y] ^ C' i y = C(x ^ C' i y) ^ C' i y � C(x ^ C' i y): 2

Supposethat hL; Ci 2 CL n ; and hB (L); Ci is a monadic Boolean al-
gebra. If x 2 L; for each i = 1; : : : ; n � 1 , ' i C � Cx = C' i � Cx =
C � ' n� i Cx = C � C' n� i x = � C' n� i x = � ' n� i Cx = ' i � Cx. Hence,
C � Cx = � Cx; so hL; Ci 2 ML n : Consequently, we have:

Corollary 1.4 An algebra hL; Ci 2 CL n ; belongsto ML n if and only
if hB (L ); Ci is a monadic Boolean algebra.

The following theoremsfollow immediately from Theorem 1.2.

Theorem 1.5 An algebra L 2 CL n is subdirectly irr educible if and
only if the Heyting algebra hQ(B (L)) ; ,!i is subdirectly irr educible, that
is, Q(B (L)) ' A � 1; for some A Heyting algebra.

Theorem 1.6 An algebra L 2 CL n is indecomposable if and only if
Q(B (L )) is indecomposableas a Heyting algebra.

In addition, from Corollary 1.4 we obtain

Theorem 1.7 The simple objects of the variety CL n are the simple
monadic  Lukasiewiczalgebras of order n.

In what follows, we prove someproperties of the subvariety of CL n of
those closure  Lukasiewicz algebras in which the Heyting algebra of open
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elements hQ(L); ,!i is a three-valued Heyting algebra. Recall that a three-
valued Heyting algebra is a Heyting algebra hA; !i such that ((x ! z) !
y) ! ((( y ! x) ! y) ! y) = 1, for every x; y; z 2 A [11].

The following characterization of the ordered set of prime �lters of an
algebra in the variety of three-valued Heyting algebrasis known.

Theorem 1.8 ([11]). Let A be a Heyting algebra. Then the following
are equivalent:
(a) A is a three-valued Heyting algebra.
(b) Every prime �lter of A is either maximal or minimal, and every prime
�lter is contained in at most one maximal prime �lter.

In the caseof closureBoolean algebras,a similar investigation was car-
ried out for the subvariety CT of those closureBoolean algebrassuch that
the set of open elements form a three-valued Heyting algebra [9].

Let L 2 CL n such that Q(L) is a three-valued Heyting algebra. It is
proved in [3] that if L is a simplealgebra,then it is a simplealgebrain ML 3,
and if L is a non-simplesubdirectly irreducible algebra, then L 2 CT . So, if
L 2 CL n is such that Q(L) is a three-valued Heyting algebra,L 2 CL 3. We
denote this subvariety by CT L 3 and we have that for L 2 CL n , L 2 CT L 3 if
and only if for every x; y; z 2 L the following identit y holds

((Qx ,! Qz) ,! Qy) ,! ((( Qy ,! Qx) ,! Qy) ,! Qy) = 1:

The following theorem follows immediately from Theorem 1.6 and The-
orem 1.8

Corollary 1.9 The �nite indecomposablealgebras in CT L 3 are the al-
gebras hL; Qi , where Q(B (L)) = 0 � B , for a �nite Boolean algebra B .

Recall that L is called a centered three-valued  Lukasiewicz algebra, or
a three-valued Post algebra, if it has a center, that is, an element c of L
such that � c = c. The center of L (if it exists) is unique. An axis of a
three-valued  Lukasiewiczalgebra is an element e of L such that ' 1e = 0
and ' 2x � ' 1x _ ' 2e, for all x of L . If the axis of L exists, it is unique.
The axis and the center of an algebra L 2 CT L 3 belong to C(L) (see[3]).

Let 2 be the Boolean algebra f 0; 1g and let 3 be the centered  Lukasie-
wicz algebra f 0; 1

2 ; 1g. Let B k be the simple monadic Booleanalgebrawith
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k atoms, and let T k = h3k ; Ci where C(3k ) = f 0; c;1g, c the center of 3k

(see[12]).

Lemma 1.10 Every �nite subdirectly irr educible algebra in ML 3 is
simple. The �nite simple algebras of the variety ML 3 are the algebras
B k , k � 1 and the algebras T k , k � 1.

Let B k;l be the closure Boolean algebra with k + l atoms such that
Q(B k;l ) = f 0; a;1g and there arek atomsprecedinga and l atomspreceding
� a, k � 1, l � 1:

Lemma 1.11 [2, 9] The �nite simple algebras in the variety CT are
the algebras B k and the �nite non-simple subdirectly irr educible algebras in
CT are the algebras B k;l .

Then we have the following theorem.

Theorem 1.12 The �nite subdirectly irr educible algebras in CT L 3 are
the algebras B k , T k and B k;l .

Lemma 1.13 If L = h3m ; Qi is an algebra of CT L 3, then L is a three-
valued monadic Post algebra.

Pro of. Indeed, if L =2 ML 3, by Corollary 1.4, hB (L); Qi is not a
monadic Booleanalgebra, that is f 0; 1g � Q(B (L)) � B (L ). Let N = f b 2
Q(B (L)) :� b =2 Q(L)g and considera maximal element m in N . Observe
that:

1) � (m _ Q � m) =2 Q(L), as � m =2 Q(L) and � m = � m ^ (Q �
m_ � Q � m) = Q � m_ � (m _ Q � m).

2) Q � m = 0. Indeed, if we suppose0 < Q � m < � m, then m <
m _ Q � m < 1 and � (m _ Q � m) =2 Q(L), contradicting the
maximalit y of m.

Let c be the center of L . We know that c 2 Q(L). Consider the element
a = c _ m 2 Q(L). Then ((c ,! 0) ,! a) ,! ((( a ,! c) ,! a) ,! a) = (0 ,!
a) ,! ((Q(� m _ c) ,! a) ,! a) = 1 ,! a = a < 1, and consequently Q(L)
is not a three-valued Heyting algebra. 2

The following result givesthe structure of any �nite algebra in CT L 3. It
is crucial in the determination of the n-generatedfreealgebraof the variety.
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Theorem 1.14 If L 2 CT L 3 is �nite, then L is a direct product of
a three-valued closure Boolean algebra and a three-valued monadic Post
algebra.

Pro of. We know that if B (L ) has j atoms, then L ' L 3 2n � 3m (' L 3

meansisomorphism as  Lukasiewiczalgebras),where n + m = j . If c is the
center of 3m , then (0; c) is the axis of L , thus � (0; c) = (1; c) 2 Q(L). In
addition, Q(1; 0) = Q' 1(1; c) = ' 1Q(1; c) = (1; 0), that is, (1; 0) is an open
of L . Let us seethat (0; 1) is also an open of L . If Q(0; 1) = (0; 0), taking
a = (1; 0) and b = (1; c) we have that ((a ,! 0) ,! b) ,! ((( b ,! a) ,!
b) ,! b) < 1. So Q(0; 1) > (0; 0). Supposethat Q(0; 1) = (0; b) < (0; 1).
If we take a = (0; � b), then Qa � Q(0; 1) ^ a = 0. If � = (1; 0) _ Q(0; 1)
and � = (1; c) _ � , we get (( � ,! 0) ,! � ) ,! ((( � ,! � ) ,! � ) ,! � ) =
(Qa ,! � ) ,! (( � ,! � ) ,! � ) = � < 1, which implies L =2 CT L 3. So
Q(0; 1) = (0; 1).

Thus the �lters F1 = [(1; 0)); F2 = [(0; 1)) 2 F ' 1Q(L ), � 1 = � (F1) and
� 2 = � (F2) is a pair of factor congruences,L=� 1 is a three-valued closure
Boolean algebra and, by the Lemma 1.13, L=� 2 is a three-valued monadic
Post algebra. 2

A variety V has the Fraser-Horn Property if there are no skew con-
gruenceson any direct product of a �nite number of algebras in V; that
is, for all A1; A2 2 V, every � 2 Con(A1 � A2) is a product congruence
� 1 � � 2, � i 2 Con(A i ); i = 1; 2. Every congruence-distributive variety has
the Fraser-Horn Property. In particular, the variety CT L 3 has the Fraser-
Horn Property.

If the congruencelattice of an algebraL hasa unique coatom, then L is
directly indecomposable.A variety V hasthe Apple Property if the converse
holds as well for all �nite algebras;that is, if the �nite directly indescom-
posable algebras in V are precisely the �nite algebras whose congruence
lattices have a unique coatom. If L is a �nite directly indecomposableal-
gebra in CT L 3, then, from Corollary 1.9, Q(B (L)) = 0 � B , where B is
a �nite Boolean algebra. So F (Q(B (L))) has a unique coatom and thus
Con(Q(B (L))), and consequently Con(L), have a unique coatom. Hence
the variety CT L 3 has the Apple Property.

The Fraser-Horn and Apple Properties, extensively studied in [5], will
play an important role in the determination of the n-generatedfree algebra
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in the variety CT L 3.

.2 Finitely generated free algebras

The aim of this sectionis to explicitly give the structure of F(G) = F CT L 3 (G)
{ the free algebra over a �nite set G in the variety CT L 3.

Since CT L 3 is a locally �nite variety (see [3]), then the algebra F(G)
is �nite, and consequently, every meet-irreducible open Stone �lter M p of
F(G) is generatedby a join-irreducible open element p of B (F(G)).

If V is a variety, the variety V0 generatedby the �nite simple algebras
in V is the prime variety associated with V.

In [5], Berman and Blok showed that if V is a locally �nite variety
with the Fraser-Horn and Apple Properties, and, in addition, it has the
property that every subalgebraof a �nite simple algebra is a product of
simple algebras, then the number of directly indecomposable factors of
FV0 (G) equalsthat of F V(G). They alsoproved that if a given �nite simple
algebra L is a direct factor of the free algebra in V0, there exists a directly
indecomposablefactor of F V(G) having L as homomorphic image. These
results can be applied to the variety CT L 3, as this variety has the Fraser-
Horn and Apple Properties, and, additionally, every subalgebraof a �nite
simple algebra is simple.

The prime variety (CT L 3)0 is the variety ML 3 of monadic three-valued
 Lukasiewiczalgebras. It is known ([12]) that the free monadic three-valued
 Lukasiewiczalgebra F ML 3 (G) is given by

FML 3 (G) �=

j2G jY

j =1

B
(j2 G j

j
)

j �
j3G jY

k=1

T
(j3 G j

k
)� (j2 G j

k
)

k ;

where
� j2G j

k

�
= 0 if k >

�
�2G

�
� .

So, from [5], the algebra F(G) has a factorization as

F(G) �=

j2G jY

j =1

A
(j2 G j

j
)

j �
j3G jY

k=1

P
(j3 G j

k
)� (j2 G j

k
)

k ;
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where each A j and each P k hasas homomorphic imagea factor of the free
monadic three-valued  Lukasiewiczalgebra F ML 3 (G).

We will now determine the structure of each directly indecomposable
factor of F(G).

For a given �nite algebra L 2 CT L 3, let J (Q(L)) and J (Q(B (L)))
be the set of join-irreducible elements of Q(L) and Q(B (L)), respectively.
Observe that J (Q(B (L))) � J (Q(L)). Indeed, if b 2 J (Q(B (L))) is such
that b = c _ d, c;d 2 Q(L), then b = ' 1c _ ' 1d, and then ' 1c = c = b or
' 1d = d = b, so b 2 J (Q(L)). Consider the following sets,where min (X )
(max(X )) denotesthe set of minimal (maximal non minimal) elements of
a poset X :

m = min (J (Q(L))) \ B (L ); M = max(J (Q(B (L)))) ;

n = min (J (Q(L))) n m; and N = max(J (Q(L))) n M :

As an example, let L be the product B 1 � B 1;2 � B � T 1 � T 2, where
the factor algebrasare listed in the following �gure. The open elements are
highlighted and the corresponding dual spacesare given.

r
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r q
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�
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Then we have the following situation on J (Q(L)):
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.................................................................................................................................................................

J (Q(B (L)))

In the caseof the algebraF(G) we have J (Q(F(G))) =
X

p2 m[ n

Cp, where
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Cp = f q 2 J (Q(F(G))) : q � pg, and J (Q(B (F(G)))) =
X

p2 m

Cp [ N. So

Q(F(G)) �= H

Y

p2 m[ n

Dp;

where Dp is the distributiv e lattice such that J (D p) �= Cp. Observe that
if p 2 n, then Dp

�= 3. Thus if p 2 m [ n the elements p� =
W

q2 Cp
q 2

Q(B (F(G))) are complemented, the complement coincideswith the com-
plement in B (F(G)) and is given by

� p� =
_

q2J (Q(F (G))) nCp

q:

In particular, � p� = � p� is open.

We establish the following simple but useful lemma. Let At (L ) denote
the set of atoms of an algebra L .

Lemma 2.1 If x 2 At (F(G)) , then there exists p 2 J (Q(F(G))) such
that x � p:

Pro of. Let p 2 m [ n: If x � q for some q 2 Cp, then the lemma
holds. Supposethat x 6� q, for every q 2 Cp: In particular, x 6� p� : Then
x �� p� =

_

q2J (Q(F (G))) nCp

q. Since x is an atom it follows that x � q for

someq 2 J (Q(F(G))) n Cp: 2

The above lemma shows that the set P = f At (p� )gp2 m[ n, where
At (p� ) = f x 2 At (F(G)) : x � p� g; is a partition of the set At (F(G)) :

Let Fx and I x respectively denotethe principal �lter and principal ideal
generatedby x. Observe that I x 2 CT L 3 for x 2 Q(B (F(G))). Then we
have the following theorem.

Theorem 2.2

F(G) �= CT L 3

Y

p2 m[ n

F(G)=Fp� �= CT L 3

Y

p2 m[ n

I p�

�= CT L 3

Y

p2 m

F(G)=Fp� �
Y

q2 N

F(G)=Fq:
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As in [2] we can seethat if p, r 2 m are such that I p
�= I r

�= B k , then
I p� �= I r � . It is not di�cult to seethat the algebrasI p�

k
, 1 � k �

�
�2G

�
� , and

I q�
k

= I qk , 1 � k �
�
�3G

�
� , are the directly indecomposablefactors of F(G).

Then

Theorem 2.3 F(G) �=

j2G jY

k=1

I
(j2 G j

k
)

p�
k

�
j3G jY

k=1

I
(j3 G j

k
) � (j2 G j

k
)

q�
k

.

Our next objective is to determine the number of elements of F(G).

Let p 2 J (Q(F(G))). If p 2 m, then F(G)=M p
�= B k and thus, there

exist k atoms preceding p. If p 2 M , then F(G)=M p
�= B k;l . Thus there

are k + l atoms precedingp. In addition, k of theseatoms precedethe only
element q 2 m such that q � p: If p 2 N, then F(G)=M p

�= T k and thus,
there exist k atoms (not boolean elements) precedingp.

If we put mk = f p 2 m : F(G)=M p
�= B kg, M k;l = f p 2 M : F(G)=M p

�=
B k;l g and N k = f p 2 N : F(G)=M p

�= T kg, then the number of atoms of
the free algebra is ([2] and [12])

jAt (F(G)) j =
X

1� k�j 2G j

jmk jk +
X

1� k�j 2G � 1j;1� l �j 2G j

jM k;l jl +
X

1� k�j 3G j

jN k jk:

If we put
� k

l

�
= 0, whenever l > k, M =

�
�2G

�
� , and N =

�
�3G

�
� , then ([2])

jmk j =
�

M
k

�
; 1 � k � M ;

and

jM k;l j =
�

M
k

� ��
M
l

�
�

�
k
l

� �
; 1 � k � M � 1; 1 � l � M :

Similarly ([12]),

jN k j =
�

N
k

�
�

�
M
k

�
; 1 � k � N :

The following theorem gives the cardinality of F(G):



FREE THREE-V ALUED CLOSURE  LUKASIEWICZ ALGEBRAS 15

Theorem 2.4 jF(G)j = 2M �(22M � 1 � 3M � 1 ) � 3N � 2N � 1 � M � 2M � 1
.

Now we determine the structure of Q(F(G)). If pk 2 mk , the closure
algebra I p�

k
has

k +
X

1� l � M

l
��

M
l

�
�

�
k
l

��
= M 2M � 1 + k

�
1 � 2k� 1

�

atoms. In addition, Q
�

I p�
k

�
�= 0 � 2Sk ; where 2Sk is the Boolean algebra

with Sk =
P

1� l � M

� � M
l

�
�

� k
l

� �
= 2M � 2k atoms. If qk 2 N k , then

I qk
�= Tk and Q(I qk ) �= 3.

Thus we conclude

Corollary 2.5 Q(F(G)) �=
MY

k=1

�
0 � 2Sk

� (M
k ) �

NY

k=1

3(N
k ) � (M

k ) .

Example 2.6 Let F(1) be the free algebra with one generator. Then
F(1) �= A2 � B � T 1 � T 2

2 � T 3 where A is the Boolean algebra with four
atoms and Q(A) �= 0 � 22, and B is the Boolean algebra with two atoms
such that Q(B ) �= 2.
The dual spaceX of F(1) looks like the following diagram:

..........
......................

....................................................................................................................................................................................................................................................................
................

......� 1 ..........
..........................................................................................
....� 2 ..........

.....................
....................................................................................................................................................................................................................................................................................................
..................

.......� �3 4 ..........
......................

....................................................................................................................................................................................................................................................................
................

......� 5 ..........
..........................................................................................
....� 6 ..........

.....................
....................................................................................................................................................................................................................................................................................................
..................

.......� �7 8 ..........
......................

....................................................................................................................................................................................................................................................................................
................

......� �9 10

........
..........

.................................................................................................................
.........
......

........
..........

................................................................................................................
.........
.......

�

�

11

12

........

.......

........

.......

........

.......

........

.......

........

.......

........

...

� �

� �

13

14

15

16

........

.......

........

.......

........

.......

........

.......

........

.......

........

...

........

.......

........

.......

........

.......

........

.......

........

.......

........

...

..........
.......................

....................................................................................................................................................................................................
.............

...

.........
......................

......................................................................................................................................................................................................
.............

...

� �

� �

17

18

19

20

........

.......

........

.......

........

.......

........

.......

........

.......

........

...

........

.......

........

.......

........

.......

........

.......

........

.......

........

...

..........
.......................

....................................................................................................................................................................................................
.............

...

.........
......................

......................................................................................................................................................................................................
.............

...

� � �

� � �

21

22

23

24

25

26

........

.......

........

.......

........

.......

........

.......

........

.......

........

...

........

.......

........

.......

........

.......

........

.......

........

.......

........

...

........

.......

........

.......

........

.......

........

.......

........

.......

........

...

.........
..................

..........................................................................................................................................................................................................................................................................................
.................

........

.........
.................

..........................................................................................................................................................................................................................................................................................

.................
.........

F(1) is isomorphic to the family of decreasingsubsetsof its dual spaceX .
If a is a decreasingsubsetof X , Qa is the greatest open decreasingsubset
contained in a, ' 1a is the greatest boolean decreasingsubset contained in
a, and so on. For example, if
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g = f 2; 3; 5; 8; 9; 11; 13; 17; 18; 19; 21; 22; 23g; then
Qg = f 2; 11; 17; 19g;

' 1g = f 2; 3; 5; 8; 9; 17; 18; 21; 22g;
� g = f 1; 4; 6; 7; 10; 11; 13; 15; 16; 19; 23; 25; 26g and
Cg = f 1; 2; 3; 4; 5; 7; 8; 9; 10; 11; 13; 15; 17; 18; 19; 20; 21; 22; 23; 24; 25; 26g:

The element g is a generator of F(1) as the atoms of F(1) can be obtained
from g in the following way:

� f 1g = � g ^ C' 1Qg ^ Q � (g^ � Qg),

� f 2g = ' 1Qg,

� f 3g = g ^ C' 1Qg ^ C � g,

� f 4g = � g ^ C (g ^ C' 1Qg ^ C � g),

� f 5g = g ^ C' 1Q � g ^ Q � (Cg^ � g),

� f 6g = ' 1Q � g,

� f 7g = � g ^ C' 1Q � g ^ Cg,

� f 8g = g ^ C (� g ^ C' 1Q � g ^ Cg),

� f 9g = g ^ ' 1Q (g_ � g) ^ QCg ^ QC � g,

� f 10g = � g ^ ' 1Q (g_ � g) ^ QCg ^ QC � g,

� f 11g = Q (g^ � g),

� f 13g = g ^ ' 1 � Qg ^ Q � g,

� f 15g = Cg ^ ' 1 � g ^ Q � g,

� f 17g = � Qg ^ ' 1g ^ Qg,

� f 19g = Qg^ � g ^ ' 1Cg,

� f 21g = ' 1 (g ^ C � g) ^ � Q (g_ � g),

� f 23g = g^ � g ^ ' 1 (Cg ^ C � g),

� f 25g = ' 1 (� g ^ Cg) ^ � Q (g_ � g).
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