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FREE THREE-V ALUED CLOSURE
LUKASIEWICZ  ALGEBRAS

A bstract. In this paper, the structure of nitely generatedfree
objects in the variety of three-valued closure Lukasiewiczalgebras
is determined. We describe their indecomposablefactors and we
give their cardinality.

1. Intro duction and Preliminaries

A Lukasiewicz algeba of order n, or an n-valued Lukasiewicz algeba, is

an algebra h_; ™; 5 ;' 1" 250" e 1,010, n ointeger, n 2, of type
(2,2;1,1;1;:::;1,0;0), whereh; ~; _; ;0;1i isaDe Morgan algebra,and
"1, 251" a1 are lattice homomorphismssatisfying: ' ix_ " ix = 1,
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X=X T X = T X tax X it T X X T X
XN UixN 'y y foralli < n 1. Sometimeswe will refer to these
algebrassimply as Lukasiewiczalgebras,if there is not risk of confusion.

The notion of Lukasiewicz algebra of order n was introduced by
Gr. C. Moisil, and was deweloped and investigated further by seweral au-
thors. Three- and four-valued Lukasiewiczalgebrasare an algebraic coun-
terpart of Lukasiewiczlogics. Howewer, this is not soin the general case.
This is the reasonwhy many authors use the name \Moisil algebras" in-
steadof \ Lukasiewiczalgebras", or, at least, \ Lukasiewicz-Moisilalgebras".

We assumethat the reader is familiar with the theory of n-valued
Lukasiewicz algebras. For the basic properties, the reader is referred to
[4], [7] and [8].

The classof Lukasiewiczalgebrasof order n form a variety which we
will denote L,. For L 2 L,, we denote B(L) the Boolean algebra of all
complemeried elemerns in L: It is known that x 2 B(L) if and only if
"ix = x; for every i. Sinceforewery i = 1;:::;n 1;"ij(L)=fx2L :
"X = xg; it followsthat B(L) = ' i(L); for every i: It is alsoknown that
a Boolean algebrais a Lukasiewiczalgebraof order n if wedene x as
the booleancomplemen of x and ' jx = x for all i.

Closure Lukasiewiczalgebrashave beenstudied in [3] and [7]. A closure
Lukasiewiczalgeba of order n isan algebrahL; Ci, whereL is a Lukasiewicz
algebra of order n and C is a unary operator de ned on L fullling the
following properties:

(C1) co= 0,

(C2) Cx_x = Cx,

(C3) C(x_y)=Cx_Cy,

(C4) CCx = Cx,

(C5) C'ix="iCx, 1 i n L1

The equational classof closure Lukasiewiczalgebrasof order n will be
denoted by CL .
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An important subvariety of CL, is the variety ML ,, of monadic Luka-
siewiczalgebras[l, 7, 12], characterized within CL , by the equation C(x *
Cy) = Cx ™ Cy. Another important subvariety of CL, is the variety C of
closure Boolean algebras|[2, 6, 9]. C consistsof those algebrasA in CL,
that satisfy that for every elemert x 2 A, X is the Boolean complemen
of x.

With the operators C and we cande ne a new unary operator Q (an
interior operator) by Qx = C x, for x 2 L. This operator satis es
the following dual conditions: (Q1) Q1= 1, (Q2) Qx ™ x = Qx; (Q3)
Q(x"y) = Qx” Qy; (Q4) QQx = Qx; (Q5) Q" ix="iQx,1 i n 1

Closure Lukasiewiczalgebrascanbe de ned by meansof equations(Q1)
to (@5), and in that case,by dening Cx = Q x we obtain the closure
operator satisfying equations (C1) to (C5).

The set of open elementsof L is Q(L) = fx 2 L : Qx = xg; and
the set of closeal elementsof L isC(L) = fx 2 L : Cx = xg. Q(L) and
C(L) are anti-isomorphic sublattices of L such that ' ;(Q(L)) Q(L) and
"i(C(L)) C(L), i=1;:::;n 1. Obserwethat x 2 Q(L) if and only if

x 2 C(L):

In the closure Boolean algebra B (L); Ci, the set of open elemers is
Q(B(L)) = Q(L)\ B(L)=fx2L : Q" ix = Xg:

It is known that the set of open elemerts of a closure Boolean algebra,
in this caseQ(B (L)), is a Heyting algebraif we de ne

X7hy=Q( x_y)

for every x;y 2 Q(B(L)). On the other hand, in any Lukasiewiczalgebra
L, we can de ne the implication

m 1
X) y= ( "jx_"jy)_y:
=1

With this operation L becomesa Heyting algebra[10].

Lemma 1.1 [3] For L 2 CL,, the (0;1) sublattice Q(L) is a Heyting
algeba if we de ne the open implication

X1 y=Q(x) vy)
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for x;y 2 Q(L).

Let F(L) denotethe setofall Iters ofanalgebralL. A Iter F 2 F(L);
is a Stone lter , if for ead x 2 F there existsanelement b2 F\ B(L) such
that b x. Cignoli proved [8] that for Lukasiewiczalgebras, the notion
of Stone lIter is equivalernt to that of Iter satisfying the property x 2 F
implies ' 1x 2 F. We de ne an open Stone Iter asa Stone Iter F sud
that Qx 2 F, whenewer x 2 F.

If G B(L) isa Iter in B(L) that satis es the condition Q(G) G;
we sa& that G is an open Iter of B(L):

Let F o(L), Fo(B(L)) and F(Q(B(L))) respectively denote the lat-
tices of open Stone Iters of L, open lters of B(L) and Iters of Q(B(L)).
It is not dicult to seethat F: o(L) and F(Q(B(L))) areisomorphic. So,
if Con(L) denotesthe lattice of congruencesof an algebral, we have:

Theorem 1.2 LetL 2 CL,. ThenCon(L)"' F ,o(L)"' Fo(B(L))"
F(Q(B(L))) * Con(Q(B(L))):

In particular, the variety CL, is congruence-distributive and has the
congruenceextension property.

It is known [12] that a closurethree-valued LukasiewiczalgebrahL; Ci
is a monadic Lukasiewicz algebra if and only if BB(L);Ci is a monadic
Boolean algebra. This result also holds in the n valued case.

Theorem 1.3 If L 2 CL,; for all x;y 2 L the following conditions
are eguivalent:

(i) C(x™ Cy)=Cx" Cy:
(i) C(L) is a Lukasiewiczsulalgebrn of L:

(v C Cx= Cx:

Proof. (i)) (i) "i(C(x"Cy))=C( i(x"Cy))=C(ix""iCy)=
C( ix"C'jy), foreveryi=1:::;n 1.By (i), C(" ix*C'jy)=C";x"
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C'iy. SinceC' ix"C'jy="iCx""iCy="i(Cx" Cy), it follows that,

@ii) ) (i) By (ii); C isaquartier, soh;Ci 2 ML , and conse-
quertly, C(L) is a Lukasiewiczsubalgebraof L.

(i) ) (iv) By (i), Cx 2 C(L) implies Cx2 C(L); soC Cx-=

Cx:

(iv) ) () x Cxandy Cyimply x~y Cx” Cy; thus, C(x”"
y) C(Cx”" Cy) = Cx”™ Cy: Hence,for all i = 1;:::;n 1, C(x"
C'iy) CxNMCC'jy=Cx"MC'jy:Forewry i = 1:::;n 1, x =
xM(Ciy_ Cliy)= (x"Cliy)_(x* C'iy) (x"Cliy)_ Ciy
Then, Cx Cx~C'yy) _C C'jy; and taking into accourt (iv);
Cx C(x~"C'jy). C'jy: Hence Cx" C'jy [C(x"™ C'iy)_
CiyJrCiy=C(x"C'iy)"C'jy C(x"C'jy): 2

Supposethat h; Ci 2 CL,; and B(L);Ci is a monadic Boolean al-
gebra. If x 2 L; foreah i = 1;:::;n 1,"';C Cx = C'j Cx =
C '"hiCx=C C'jix= C,ix= '",iCx="; Cx. Hence,
C Cx= Cx; soh; Ci 2 ML p: Consequetly, we have:

Corollary 1.4 An algebe hL; Ci 2 CL,,; belongsto ML , if and only
if B(L);Ci is a monadic Boolean algeba.

The following theoremsfollow immediately from Theorem 1.2.

Theorem 1.5 An algeba L 2 CL, is suldirectly irreducible if and
only if the Heyting algeba hQ(B(L));}i is suldirectly irr educible, that
is, Q(B(L))'" A 1, for some A Heyting algeba.

Theorem 1.6 An algeba L 2 CL, is indecomposableif and only if
Q(B(L)) is indecomposableas a Heyting algeba.

In addition, from Corollary 1.4 we obtain

Theorem 1.7 The simple objects of the variety CL, are the simple
monadic Lukasiewicz algebas of order n.

In what follows, we prove someproperties of the subvariety of CL,, of
those closure Lukasiewicz algebrasin which the Heyting algebra of open
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elemerts Q(L); )i is athree-valued Heyting algebra. Recall that a three-
valued Heyting algebrais a Heyting algebrabhA;!i suc that (x! 2)!
VI (((y! x)! y! y)=1,foreweryx;y;z2 A [1]1].

The following characterization of the ordered set of prime Iters of an
algebrain the variety of three-valued Heyting algebrasis known.

Theorem 1.8 ([11]). Let A be a Heyting algeba. Then the following
are equivalent:
(a) A is a three-valual Heyting algeba.
(b) Every prime lter of A is either maximal or minimal, and every prime
Iter is contained in at most one maximal prime lter.

In the caseof closure Boolean algebras,a similar investigation was car-
ried out for the subvariety Gy of those closure Boolean algebrassud that
the set of open elemerts form a three-valued Heyting algebra[9].

Let L 2 CL, such that Q(L) is a three-valued Heyting algebra. It is
provedin [3] that if L isasimplealgebra,thenit is a simplealgebrain ML 3,
and if L is a non-simple subdirectly irreducible algebra,then L 2 G;. So, if
L 2 CL, issuch that Q(L) is a three-valued Heyting algebra,L 2 CL 3. We
denotethis subvariety by Gy L3 and we havethat for L 2 CL,,L 2 GL3 if
and only if for every x;y;z 2 L the following identity holds

(Qx} Qz)} Qy)! (((Qy! Qx)! Qy)! Qy)=1L

The following theorem follows immediately from Theorem 1.6 and The-
orem1.8

Corollary 1.9 The nite indecomposablealgebasin CrL3 are the al-
gebashL; Qi, where Q(B(L)) = 0 B, for a nite Boolean algeba B.

Recall that L is called a centered three-valual Lukasiewicz algeba, or
a three-valua Post algebag, if it has a center, that is, an elemen ¢ of L
such that ¢ = c. The certer of L (if it exists) is unique. An axis of a
three-valued Lukasiewiczalgebra is an elemen e of L such that ' ;e = 0
and ' >x ' 1x_ ' ,e forall x of L. If the axis of L exists, it is unique.
The axis and the certer of an algebralL 2 G;L3 belongto C(L) (seel3)).

Let 2 be the Booleanalgebraf0; 1g and let 3 be the cenered Lukasie-
wicz algebraf 0; %; 1g. Let B be the simple monadic Boolean algebrawith
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k atoms, and let Ty = HK; Ci where C(3K) = f0;c;1g, c the certer of 3%
(see[12).

Lemma 1.10 Every nite suldirectly irreducible algebm in ML 3 is
simple. The nite simple algebas of the variety ML 3 are the algebas
Bk, k 1landthealgebas Ty, k 1.

Let By, be the closure Boolean algebra with k + | atoms sud that
Q(Bk:) = f0; a; 1g and there are k atoms precedinga and | atoms preceding
ak 1,1 1

Lemma 1.11 [2, 9 The nite simple algebas in the variety Gr are
the algebas B and the nite non-simple suldirectly irr educible algebas in
Cr are the algebas By;|.

Then we have the following theorem.

Theorem 1.12 The nite suldirectly irr educible algebas in GrL3 are
the algebas By, T and By .

Lemma 1.13 If L = l8™; Qi is an algebra of GrL3, then L is a three-
valuad monadic Post algeba.

Pro of. Indeed, if L 2 ML 3, by Corollary 1.4, BB(L);Qi is not a
monadic Booleanalgebra,that isf0;1g Q(B(L)) B(L). LetN =fb2
Q(B(L)) : b2z Q(L)g and considera maximal elemern m in N. Obserwe
that:

1) (m_Q m)2Q(L),as m2Q(lL)and m= m”" (Q
m_ Q m=Q m_ (m_Q m)

2) Q m = 0. Indeed, if we suppose0 < Q m < m,thenm <
m_Q m<iland (M_Q m) 2Z Q(L), contradicting the
maximality of m.

Let c bethe certer of L. We know that ¢ 2 Q(L). Considerthe elemen
a=c_m2Q(L). Then((c! 0! a/! (((a! ¢o) a! a=(@0]
a)! (QC m_¢o) a) a=1) a=a< 1, andconsequetly Q(L)
is not a three-valued Heyting algebra. 2

The following result givesthe structure of any nite algebrain CGrLg. It
is crucial in the determination of the n-generatedfree algebraof the variety.
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Theorem 1.14 If L 2 GL3 is nite, then L is a direct product of
a three-valual closure Boolean algeba and a three-valual monadic Post
algeba.

Pro of. We know that if B(L) hasj atoms,thenL ' [, 2" 3™ (" |,
meansisomorphism as Lukasiewiczalgebras),wheren + m = j. If cis the
certer of 3™, then (0;c) is the axis of L, thus (0;¢) = (1;¢) 2 Q(L). In
addition, Q(1;0) = Q' 1(1;¢) = ' 1Q(1;¢) = (1,;0), that is, (1;0) is an open
of L. Let us seethat (0;1) is alsoan openof L. If Q(0;1) = (0;0), taking
a= (100 and b= (1;c) we havethat (a}! 0} b} (b} a)
b ! b < 1. SoQ(0;1) > (0;0). Supposethat Q(0;1) = (0;b < (0;1).
If wetakea= (0; b),thenQa Q(;1)~a=0.If = (1;0)_Q(0;1)
and = (Li_ ,weget(( ! O} )} «(Cr ) ) )=
Q) ! (( Y )Y )= <1, which impliesL 2 GrL3. So
Q(0;1) = (0;1).

Thusthe Iters F; = [(1;0));F2 = [(0;1)) 2 F- ,o(L), 1= (F1) and
2 = (F») is a pair of factor congruences,L= ; is a three-valued closure
Boolean algebra and, by the Lemma 1.13,L= ; is a three-valued monadic
Post algebra. 2

A variety V has the Fraser-Horn Property if there are no skew con-
gruenceson any direct product of a nite number of algebrasin V; that
is, for all A;;A> 2 V, every 2 Con(A1 Ay) is a product congruence

1 2, i 2 Con(Aj);i = 1;2. Every congruence-distributive variety has
the Fraser-Horn Property. In particular, the variety GrL3 hasthe Fraser-
Horn Property.

If the congruencelattice of an algebralL hasa unique coatom, then L is
directly indecomposable. A variety V hasthe Apple Property if the corverse
holds as well for all nite algebras;that is, if the nite directly indescom-
posable algebrasin V are precisely the nite algebraswhose congruence
lattices have a unique coatom. If L is a nite directly indecomposableal-
gebrain CrLgs, then, from Corollary 1.9, Q(B(L)) = 0 B, whereB is
a nite Boolean algebra. So F(Q(B(L))) has a unique coatom and thus
Con(Q(B(L))), and consequetly Con(L), have a unique coatom. Hence
the variety Gr L3 hasthe Apple Property.

The Fraser-Horn and Apple Properties, extensiwely studied in [5], will
play an important role in the determination of the n-generatedfree algebra
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in the variety GrLs.

2. Finitely generated free algebras

The aim of this sectionis to explicitly givethe structure of F(G)= F ¢, ,(G)
{ the free algebraover a nite set G in the variety CrL 3.

Since CrL3 is a locally nite variety (see[3]), then the algebra F(G)
is nite, and consequetly, every meet-irreducible open Stone Iter M of
F(G) is generatedby a join-irreducible open elemen p of B (F(G)).

If V is a variety, the variety Vo generatedby the nite simple algebras
in V is the prime variety assaiated with V.

In [5], Berman and Blok showed that if V is a locally nite variety
with the Fraser-Horn and Apple Properties, and, in addition, it has the
property that every subalgebraof a nite simple algebrais a product of
simple algebras, then the number of directly indecomposable factors of
Fv,(G) equalsthat of Fy(G). They alsoprovedthat if a given nite simple
algebral is a direct factor of the free algebrain Vp, there exists a directly
indecomposablefactor of Fy(G) having L as homomorphic image. These
results can be applied to the variety GrL 3, asthis variety hasthe Fraser-
Horn and Apple Properties, and, additionally, every subalgebraof a nite
simple algebrais simple.

The prime variety (GrL3)o is the variety ML 3 of monadic three-valued
Lukasiewiczalgebras. It is known ([12]) that the free monadic three-valued
LukasiewiczalgebraF v ,(G) is given by

A R R B NI L
FMLg(G): Bj(i ) TEk)(k);
j=1 k=1
where jZij =0if k> 26 .
So, from [5], the algebra F(G) has a factorization as
I B T N o B T N P
F(G) = Aj(j) Plgk)(k);
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whereead A and eah P hasashomomorphicimage a factor of the free
monadic three-valued Lukasiewiczalgebra F v ,(G).

We will now determine the structure of ead directly indecomposable
factor of F(G).

For a given nite algebralL 2 GrLg, let J (Q(L)) and J (Q(B(L)))
be the set of join-irreducible elemens of Q(L) and Q(B(L)), respectively.
Obsene that J (Q(B(L))) J (Q(L)). Indeed,if b2 J (Q(B(L))) is such
that b= c_d,c;d2 Q(L), thenb="1c_"'1d, andthen' ;c= c= bor
'"1d=d= b sob2 J (Q(L)). Considerthe following sets, where min (X)
(max(X)) denotesthe set of minimal (maximal non minimal) elemens of
aposetX:

m=min (J (Q(L)) \ B(L); M = max(J (Q(B(L))));

n=min(J (Q(L))) nm; and N = max(J (Q(L))) nM:

As an example,let L bethe product By Bj> B Ti1 Ty, where
the factor algebrasare listed in the following gure. The open elemerts are
highlighted and the corresponding dual spacesare given.

r

r r
@ @ r q @
r q Lq@q r r@q Q@
B1 ‘f@@c(? @LJB 1,2 ‘f@@a@ @‘CB T4 %P @ @gr 2
@ ‘ @ @ @q
r @r @r r @r

Then we have the following situation on J (Q(L)):

|
M) NS eeL)
l VAP
| m| V] : | |n
L - - - - - - -
X
In the caseof the algebraF (G) we have J (Q(F(G))) = Cp, where

p2m[ n
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X
Cp=1a2J(Q(F(G)) :aq pg, andJ (QB(F(G)) =  Cp[ N. So
p2m

Y
Q(F(G)) =H Dyp;
p2m[ n
where D, is the distributiv e lattice sudh that J (Dp) = C,. Oba(;r\e that
if p2 n, then Dp = 3. Thusif p2 m[ nthe elemerts p = @c, 9 2
Q(B(F(G))) are complemerted, the complemen coincideswith the com-
plement in B(F(G)) and is given by
p = - q
923 (Q(F(G)) nCp

In particular, p = p isopen.

We establish the following simple but useful lemma. Let At(L) denote
the set of atoms of an algebralL.

Lemma 2.1 If x 2 At(F(G)), then there exists p 2 J (Q(F(G))) such
that x p:

Proof. Letp2 m[ n:If x qfor someq 2 Cp, then the lemma
holds. Supposethat x 6 ¢, for every q 2 Cy: In particular, x 6 p : Then
X p = B g. Sincex is an atom it follows that x  q for

a2 (Q(F(G)) nCp
someq 2 J (Q(F(G))) nCy: 2

The above lemma shows that the set P = fAt(p )Opam[n, Where

At(p) = fx 2 At(F(G)) : x p g; is a partition of the set At(F(G)):

Let Fx and |« respectively denotethe principal Iter and principal ideal
generatedby x. Obsene that Iy 2 GLs for x 2 Q(B(F(G))). Then we
have the following theorem.

Theorem 2.2
Y Y
F(G) =cLs F(G)=Fy =crLs I
;%Zm[n Y p2m[ n
=crLs F(G)=F F(G)=Fq:

p2m 2N
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As in [2] we can seethat if p, r 2 m are suc that 1, = |, = By, then
Ip = I . It isnotdicult to seethat the algebraslpk, 1 k 26 and
lg = lg.1 K 3G | are the directly indecomposablefactors of F(G).
Then
K°I (i2°i) ¥ @*°ly (%)
Theorem 2.3 F(G) = ka" qu k ko
k=1 k=1

Our next objective is to determine the number of elemens of F(G).

Let p2 J (Q(F(G))). If p2 m, then F(G)=M, = Bk and thus, there
exist k atoms precedingp. If p2 M, then F(G)=M = By;. Thus there
are k + | atoms precedingp. In addition, k of theseatoms precedethe only
element g2 msud that g p:If p2 N, then F(G)=M, = T and thus,
there exist k atoms (not boolean elemerns) precedingp.

If weput my = fp2 m:F(G)=Mp = Bkg, My = fp2 M 1 F(G)"M, =
Brigand Ny = fp2 N : F(G)=M, = Tg, then the number of atoms of
the free algebrais ([2] and [12])

- - X - - X - - X - -
JAL(F(G))j = jmgjk + IM g jl + jNjk:
1 kj 26j 1 kj 26 1j;1 1j 26j 1 kj 36j

If weput ¥ =0, whenewrl>k,M = 26, andN = 3¢, then ([2])

..M
Jmkj_ k ) 1 k M1
and
ij;|j=|\: I\IA ll(;lle;llM
Similarly ([12]),
L M

The following theorem givesthe cardinality of F(G):
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Theorem 2.4 jF(G)j=2M @ 1 3" 5 gn 2% & m 2% 4

Now we determine the structure of Q(F(G)). If px 2 my, the closure
algebral, has
X M k
k + | =M2M 1+ 1 21
11 M

atoms. In addition, Q I, = 0 2%; where 2 is the Boolean algebra

P
with Sk = ;w1 % =2 2% atoms. If g 2 Ny, then

Thus we conclude

¥ o W
Corollary 2.5 Q(F(G) = o 25 (&) 3() (D).
k=1 k=1

Example 2.6 Let F(1) be the free algebrawith one generator. Then
F()=A? B T; T3 Tz whereA isthe Booleanalgebrawith four
atoms and Q(A) = 0 22, and B is the Boolean algebra with two atoms
sud that Q(B) = 2.

The dual spaceX of F(1) looks like the following diagram:

LA

F (1) is isomorphic to the family of decreasingsubsetsof its dual spaceX .
If ais a decreasingsubsetof X, Qa is the greatest open decreasingsubset
contained in a, ' 1a is the greatest boolean decreasingsubsetcortained in
a, and soon. For example, if
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g = 12,3,5;8;9;11;13,17;18; 19; 21, 22; 23g; then
Qg = 211,17, 19;
'10 = 12,3,5;8;9,17,18; 21, 22g;
g = f1;4;6;7,10,11; 13;15; 16; 19; 23; 25; 26g and
Cg = f1,2,3,4,5;7;8,9;10; 11; 13;15; 17; 18; 19; 20; 21, 22; 23; 24; 25; 26g:
The elemen g is a generatorof F(1) asthe atoms of F(1) can be obtained
from g in the following way:

flg= g~ C' Q9" Q (9° Qg),
f29="1Qg,

f3g=9g” C' 1Qg"C g,

fag= g~ C(g" C' Q" C 0,
f5g=g~C'1Q g*"Q (Cg* o),
fég="'1Q g,

frg= g~ C'1Q g”"Cyg,
f8g=g~C( g~ C' 1Q g”Cyg),
fog=9""1Q(e. 9" QCg"QC g,
f10g= 9g"'1Q(g. 9" QCg"QC g,
fllg= Q(g" 0),

f133=9g" "1 Q9" Q g,
fi59=Cg”'1 9" Q g,

fi7rg= Qg” ' 19" Qg,

f199=Qg" g”"'1Cy,
f2lg=",.(9"C 9" Qo 9.
f23g=g* 9g"'1(Cg"C ),
f25g="1( g~ Cg)" Q(a_ 9).
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