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NON CANONICITY OF BL-ALGEBRAS

A bstract. In this work we study canoncity of BL-algebras
and some of its subvarieties. We prove that the only subvarieties
of LIIG (see page 94) that are o-canonical and 7-canonical are
the ones generated by finite families of finite algebras.

1. Introduction and Preliminaries

Canonical extensions were introduced by Jénsson and Tarski for Boolean al-
gebras with operators (see [12],[13]) and generalized for distributive lattices,
lattices, and posets with different internal operations in [4],[5],[6],[7].

Given a distributive lattice L = (L,A,V), an extension is a one to
one lattice homomorphism e : L — M. To simplify notation, we usually
suppress the embedding e and we call M an extension of L assuming that
L is a sublattice of M.

An extension M is called a completion if M is a complete lattice.
Given an extension M of L, L is said to be separating in M if for ev-
ery completely join irreducible element © € M and every completely meet
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irreducible element p € M satisfying p < w there exist a € L such that
p < a < u. Given a completion M of L, L is called compact if for every
X,Y C L satisfying /\X < \/Y there exist finite sets ¥ C X and G C Y

such that /\F < \/G.

The canonical extension L of a bounded distributive lattice L is a
doubly algebraic distributive lattice that contains L as a separating and
compact sublattice. The canonical extension if unique up to lattice isomor-
phisms.

An element p € L? is called closed if there exists X C L such that
p= /\X . The set of closed elements of L? is noted by K (L?). The notion
of open elements is defined dually, and the set of open elements is denoted
O (L°)

There are two rival extensions for an isotone function f : L — M: one
is called the canonical extension and noted f? : L° — M7 and the other
is called the dual canonical extension and noted f™ : L — M?. There are
many ways to define of these extensions (see [5],[6]). For further use, we
define them according to the next Lemma.

Lemma 1 (See [5]). Let f : L — M be an isotone function from the
distributive lattice L into M, then

1. f%(p) = /\{f(a) :p<aanda€ L}, forallp e K (L?),

2. f™(u) = \/{f(a) ca<wanda € L}, for allu e O (L7),

3. fo(x) = \/ {f°p) :p<zandpe K (L)} for all z € L,

4. [™(x) = /\ {f"(u):z<wuandu e O(L%)} for allx € L

A function f: L — M, is called smooth if f7 = f7.

Given a distrubutive lattice L, L% denote the distributive lattice with

the reversing order. Let L x M be the product of two distributive lattices.
The proof of the following results can be found in [6].

1 (L% = (L°)?
2. K ((Ld)") = O((L?)) and O ((Ld)”) = K (L))

3. (Lx M)’ =L°x M°
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4. K(Lx M)" = K(L°) x K(M?) and K (L x M)’ = K (L°) x
K (M°).

n o
Using the previous observations the extensions f7, f™: ( II Li> — M°
i=1

n

of a function f: [[ L; — M that is isotone or antitone in each coordinate,
i=1

can be computed according to Lemma 1.

Given an algebra A = <A, AV fitie 1> with a distributive lattice reduct
such that each operation f; is isotone or antitone in each coordinate, this
allows us to define two candidates to extend an algebra A with a lattice
reduct, A% = <AU,/\,\/,{f{’}ieI> and AT = <A",/\,\/,{fl7r}iej> called the
canonical and the dual canonical extensions of A. A class of algebras is
o-canonical or m-canonical if it is closed under canonical or dual canonical
extensions respectively.

BL-algebras were introduced by Héajek (see [10]) as the algebraic coun-
terpart of basic logic. A BL-algebra A = (A,®,—,A,V,0,1) is a bounded
commutative integral residuated lattice that satisfies prelinearity and divis-
ibility. Prelinearity is given by the equation

(a—b)V(b—a)=1,

and it implies that the variety of BL-algebras is generated by totally ordered
BL-algebras. Divisibility is given by the equation:

O —y)=yo(y— ).

For a precise definition and general results on residuated lattices see [11]
or [15].

BL-algebras form a variety or equational class. They can be viewed as
bounded distributive lattices with two operators: a product ® and an impli-
cation —. The product is isotone in both coordinates and the implication
is antitone in the first coordinate and isotone in the second one (monotone
operators in the sense of [4]). Therefore one can analyze the canonicity of
this variety and its subvarieties.

For general references and results of BL-algebras see [10],[16].

There are many results, positive and negative about canonicity of dif-
ferent classes of algebras. One of the strongest is the one given in [6] where
it is proved that if a class R is closed under ultraproducts and o-canonical
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(m-canonical) extensions then the variety generated by R is o-canonical (-
canonical). In [8], Gerhke and Priestley have proved that the only subvari-
eties of MV-algebras that are canonical are exactly the finitely generated
ones. In this work we will study the canonicity of BL-algebras and some of
its subvarieties. We will see that BL-algebras are neither o-canonical nor
m-canonical and the only subvarieties generated by single component chains
(see page 94) that are o-canonical are finitely generated.

2. Non canonicity of BL-algebras

In this section we prove that the variety of BL-algebras is neither o-canonical
nor m-canonical checking that the canonical and dual canonical extension of
the Chang algebra are not BL-algebras.

Let us recall that the Chang algebra is defined as C' = (C, A, V,®, —,0, 1)
where C' = {(0,a) : a € ZT} U{(1,b) : b € Z~ }. The lattice order of C is the
lexicographic order in the product (see Fig. 1). The product and the impli-
cation are defined as follows:

(0,0) ifi+j=0,
(i,a) ® (3,0) = ¢ (0,0V (a+0b) ifit+j=1,
(1,a +b) ifi+j=2
(0,b—a) ifi=1and j=0,
(i,a) — (5,0) =< (L,OA(b—a)) ifi=y7,
(1,0) if i =0and j= 1.

The canonical extension of the lattice reduct of C' has just two new
points, following the notation of [8] we will call them x and y (see Fig. 1).

Proposition 2. Let ©7 and @7 be the canonical and dual canonical ex-
tensions of the operator ®. Since @7 and ©T are commutative the following
tables describe them completely

a®b ifa,beC,
(0,0) ifa=x andb=(0,i), (a)

op=d @ ifa=x and b > x, (b)
“ ) (0,0) ifa=zandb=y, (c)
(0,0) ifa=y andb <y, (d)

y ifa=y and b= (1,7), (e)
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(1,0)
(L_l)

(17 _2)

and

orifa=y and b=z,
a®?b otherwise.

Yy ifa=x and b=y (f)
a@®"b=

Where i € Z+ and j € 7~ .

Proof. Note that K (C?) = C U {z} and O (C?) = C U {y}. Thus,
K((CxC)7) = (CUu{z}) x (CU{z}) and O ((C x C)7) = (CU{y}) x

(CU{y}).
We first calculate ©&°.

(a) Since (z,(0,i)) € K ((C x C)?),
©7 (0,1) :/\{CQd:ajgcand (0,7) < d and ¢,d € C}
= A\ {(Lk) (0, kez}

= A{0,0v(k+i):kez}
= (0,0).

Since (z,(1,7)), (z,x) € K ((C x C)?), (b) follows in a similar way.
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a:@”yz\/{c@“d:c,dEK(C"),chanddgy}
=\ {ze7 (0,k): ke "}

(d) Since ®7 is commutative and monotone in each coordinate, we have
that (0,0) <y ©7 (0,7) <ye’y<ze%y=(0,0)

(e)
y©° (1,5) = \/{co” (1,j) :c€ K(C?),c <y}
=\VA{0,)o@,j:iez"}
=\/{0,0v(i+j):iez"}
:y_

Since by [6, Theorem 2.20], ®° and @™ are equal in K ((C x C)?) U
O ((C x C)7), we only have to prove (f).

:E@”yz/\{@@”d:c,deO(CU),:Egcandygd}
=N@poey:jez}
=y.
(]

Proposition 3. The canonical and dual canonical extensions —° and
—T of — are given in the following tables:

a—b ifa,beC’,

(1,0) ifa=yandb>=x (a)

x ifa=y and b= (0,i) (b)

(1,0) ifa=1(0,i) andb=y (c)
ifa>xandb=y (d)

a—7b= ifa=b=y (e)

(=)
=

ifa=1(0,1) andb=x (f)
ifa=(1,j) andb=2xz (g)
ifa=b==x (h)
ifa=x and b= (0,7) (i)
ifa=xzand b= (1,7) (j)

e 8 8 o8 «w

(=)
=
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and
0) ifa=b=y (k)
0

a—"b= ) ifa=b=x (l)
a—%b otherwise.

Proof. Note that
K ((cd X c)") — (CU{y)) x (CU{z})

and

(( )JXC"> (CU{z}) x (CU{y}).

We first calculate —7

(a) Since ( ( > ,

= A\{(0,k) = (1,1) : with k € Z* and | € Z"}
= (1,0).

The case (y, (1,7)) follows in a similar way.

(b) Since (y, (0,7)) € K ((Cd X C)")

y =7 (0,4) = N\{(0,k) = (0,i) : with k € Z*}
= N\{(L,OA (i — k) : with k € ZT}

=\/{(0,4) =7 (0,k) : k€ Z*}

=7y =\ {1,0) =7 (0,k):keZ" and | € Z"}
=\/{(0,k-1): ke Z" and 1 € Z7}

The case ((1,7) ,y) follows in a similar way.
(e)
y="y =\ {y—7 (0.k): ke 2t}

= X.
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(f) Since ((0,7) ,z) € K ((Cd X C')o)

(0, /\{ ):keZ}

(¢) Since ((1,5),2) € K ((Cd X c)”)

1) -2 =A\{1j) — keZ7}
—/\{10/\ )keZ}

r—%x :v{(l,k) —%x: kel }

=x.

=\/{(1,k) =7 (0,i) : k € Z~}
=\ {(0i—k):kez}

7 (1,4) = \/{(171@) —7%(1,§): ke Z™}
=\A{WLOAG—k):keZ}
= (1,0).

Since —? and —7 are equal in K ((Cd X C')o) uo ((Cd X C)U) , wWe
only have to prove (k) and (1)
(k)
y—"y = N\{0 )—>’ry:k‘€Z+}
/\{ )=y keZt}
= (1,0).

(1) follows in a similar way. O

Corollary 4. The product and the implication of C are not smooth
operations.

Theorem 5. Neither C° nor C™ are BL-algebras.
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Proof. In fact in neither case the equation a ® (a — b) =b® (b — a) is
satisfied.

For C? let us consider

z07 (x=>7y)=20%y
=(0,0),

and

y 7 (y =% x) =207 (1,0)

= .
For the case of C™ let us consider

z@" (x =" (0,0)) =z "y
=Y,

and

(0,0) @™ ((0,0) =™ z) = (0,0) ®™ (1,0)

0

The previous Theorem proves that the variety of BL-algebras as well as
each subvariety of BL-algebras which contain C' are neither o-canonical nor
m-canonical. In fact, it is easy to see that neither C? nor C” satisfies the
equation

a—(b—c)=(aOb) —c

Thus, neither C? nor C™ are residated lattices. This proves that the varieties
of Residuated Lattices, MTL-algebras and IMTL-algebras (see [3]) are
neither o-canonical nor w-canonical. It is worth noting that in [6], Gerhke
and Jonsson have proved that if L is a residuated lattice the pair (©7, —7)
is an adjoint pair, which proves that L™ (L7) is a residuated lattice if and
only if ® (—) is a smooth operation. We have proved in Corollary 4, that
neither the product nor the implication of the Chang algebra are smooth
operation.
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3. Canonicity of Subvarieties of BL-algebras

Among the subvarieties of BL-algebras it is worth pointing out the varieties
L of MV-algebras, IT of product algebras, and G of Godel algebras. Let us
recall that the algebras in L are BL-algebras satisfying the equation

a=(a—0)—0,
the Product algebras are BL-algebras satisfying the equations

0= aA(a—0),
1= ((c—=0)—=0)—=((a@c—boc)— (a—D)),

and Godel algebras are BL-algebras satisfying the equation
a=a®a.

It is known that each subvariety of BL-algebras is generated by BL-
chains (linearly ordered BL-algebras), see [10]. In [9], it is proved that each
BL-chain can be embedded in a saturated BL-chain and that each saturated
BL-chain can be decomposed as an ordinal sum of MV, Gédel and Product
chains.

Now we focus our attention on the subvariety LIIG which is the subva-
riety of BL-algebras generated by the family of M'V-chains, product chains
and Godel chains. The lattice of subvarieties of LIIG was completely de-
scribed by Di Nola et al. in [2]. Let us recall an important result of that

paper.

Theorem 6 ([2] Theorem 3). The lattice of the subvarieties of EIIG is
the Cartesian product of the lattices of subvarieties of L, II and G.

The previous suggests that in order to study the canonicity of subvari-
eties of LIIG, we should analyze the canonicity of the subvarieties of L, IT
and G.

L

The lattice of subvarieties of L was determined by Komori in [14]. He
proved that every proper subvariety of L has a finite number of generators
(see [14, Theorem 4.11] ). We will describe the generators in the language
of BL-algebras. The finite generators are the chains .S,, = {0, %, ey "T_l, 1}
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and the infinite generators are S¥ = {(z,y):z € {2,..., =L} yeZ} U
{(0,y):y € ZT}U{(1,y) : y € Z~ }, where the product is given by
(0,0) ifex+2z<1,
(z,y) ® (z,u) =< (0,max (0,u+vy)) ifx+z=1,
(r+z—1lu+y) ifzx+z>1.

and the implication is given by

(170) if x < 2,
(29) = (5ru) = { (Lmin(0,u—y)) ifz=2
(1—2+2,u—y) otherwise.

In [8], Gehrke and Priestley have proved that a subvariety of MV-
algebras is canonical (o or 7) if and only if it is generated by a finite family
of finite algebras. This result is based on the fact that the Chang alge-
bra C' belongs to each subvariety of MV-algebras non finitely generated
and they prove that the canonical extension of a Chang algebra is not an
MV-algebra. In Section 2 we have proved that the canonical and the dual
canonical extensions of the Chang algebra seen as BL-algebra are not BL-
algebras. Therefore, each subvariety of BL-algebras that contains S for
some n > 1 is neither o-canonical nor m-canonical.

G

The variety G is the variety of linear Heyting algebras. It is known
that the variety G is generated by any infinite Godel chain. Its proper
subvarieties are the varieties G,,, n > 2, where G, is the variety generated
by the n elements chain. Clearly B=G2 ¢ G3 & ... G, ... & G.

Remark 7. Since each Gy, is generated by a finite algebra we have that
@&,, is o-canonical and w-canonical for each n > 2.

In [6] Gehrke and Jénsson proved the following result.

Theorem 8. The variety of Heyting algebras is mw-canonical but not o-
canonical.

The example given by Gehrke and Jénsson to prove that the variety of
Heyting algebras is not o-canonical is a chain. Since the canonical extension
of a chain is also a chain, we obtain the following result.

Corollary 9. G is w-canonical but not o-canonical.
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II

Cignoli and Torrens have proved in [1, Corollary 2.10] that the only
proper subvariety of Il is the variety of Boolean algebras. Now we prove
that II is neither o-canonical nor m-canonical.

Let P = ([0,1],min, max, *, —,0,1) be the interval product algebra,
where * is the usual product of numbers and the implication is given by

1 ifa<y,
“ | b/a ifb<a.

Given L a distributive lattice let us denote X (L) the set of prime filters
of L. The canonical extension of a distributive lattice can be constructed
as the lattice of increasing subsets of (X (L), C) (see [5]). Using this and
the fact that in a chain the prime filters coincide with the set of non empty
increasing subsets, the following proposition follows straightforward. We
include here an independent proof for the sake of completeness.

Proposition 10. Consider the lattice

L= ([07 1] X {_1707 1}) - {(07_1) (1, 1)}

with the lexicographic order in the product (see Fig. 2). The embedding
e : [0,1] — L defined by e(a) = (a,0) is the canonical completion of the
lattice ([0, 1] , min, max, 0, 1).

Proof. We will prove that the image of e is a separating compact sub-
lattice of L.

Let (a,i),(b,j) € L be a completely meet irreducible and a completely
join irreducible elements respectively, such that (a,7) < (b, 7). It is easy to
see that ¢ € {—1,0} and j € {0,1}. Ifa < b, let c € [0,1] such that b < ¢ < a
thus

(a,i) < (c,0) =e(c) < (b,]).

If b = a Therefore,

(a,7) < (a,0) = e(a) < (a,j) = (b,7) -

Thus € (][0, 1]) is a separating sublattice of L.
Now let A and B be subsets of [0, 1] such that Ae(A) < \e(B). It is
easy to see that:

e(NA) ifANAeA

/\e(A):

(AA,1) otherwise.
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(1,0)
’ (a,;1)
TR R
5 a,0 a a
Ol_ ( ) (_)| ______ : (a7_1)
L o
50 o 1) 1
1( ( . ] I (0,1
: (0,

Fig. 2: L

and
\e(B) =

Suppose that AA ¢ A and \/B ¢ B. Thus (AA,1) < (VB,—-1), i
NA < \/B; it is easy to see that there exist a € A and b € B such that
a < b, and the result follows.

If NAe€ Aor\/ B € B the result follows in a similar way. Thus, e ([0, 1])
is a compact sublattice of L, and the result follows. O

{ e(VB) if\VBeB
(

\/ B,—1) otherwise.

Proposition 11. Let P be the interval product algebra. Since x° and

T are commutative, the following tables describe them completely:

*

(a*b,0) ifi=7=0,
(axb,1) ifi=0,j=1, and a # 0, (a)
(0,0) ifi=0,j=1, and a=0, (b)
(axb,1) ifi=j=1, (c)
(a,i) 7 (b,7) =4 (axb,—1) ifi=—-1,j=1,andb#0, (d)
(0,1) ifi=—-1,j=1andb=0, (e)
(axb,—1) ifi=-1,5=-1, (f)
(axb,—1) ifi=—1,7=0,andb#0, (g)
(0,0) ifi=—1 and (b,j) = (0,0). (h)
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and
(@xb,1) ifi=1andj=-1 (i)
(a7i)*7r (baj): or ZfZ:—l (],Tldj:l7
(a,i) %7 (b,j) otherwise.

Proof. Note that

K([0,1)7) = ([0, 1] x {0}) U ([0,1) x {1})

and
O ([0,1)7) = ([0,1] x {0}) U ((0,1] x {—1}).

First we calculate *°.
(a) (b) Since ((a,0), (b,1)) € K (([0,1] x [0,1])7),

(a,0) x7 (b,l):/\{(c*d,O) ca<candb<d}
= A\{(axd,0):b<d}.

If a =0, (a,0) %% (b,1) = (0,0). If a # 0, (a,0) %7 (b,1) = (a* b, 1).

(c) Since ((a,1),(b,1)) € K (([0,1] x [0,1])7) follows as (a).
(d) Since b # 0,

(a,—1) 7 (b,1) = \/ {(c, k) = (b,1) : (¢, k) < (a,—1), k € {0,1}}
=\ {(c.k) 7 (b,1) : e < a, k € {0,1}}

=\/{(cxb,1): c<a}u{(0,0)}
= (axb,—1).

(e), (f) and (g) follow as (d).
(h) Since (b,7) = (0,0),

(a,—1) %7 (b,§) = \/ {(c.k) #° (0,0) s c < a,, k € {0,1}}
= (0,0

Since by %7 and *" are equal restricted to

K (([0,1] x [0, 1)) v O (([0,1] x [0,1])),,
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we only have to prove (i)
(a,1) 5™ (b,=1) = A\ {(e, k) ™ (b,—1) 1 a < ¢, k € {0,~1}}
= N\ {(c.k) =" (b,=1) :a < ¢, ke {0,~1}}
:/\{c*b,— ),:a<c}
= (a*b,1).
n

Proposition 12. Let P be the interval product algebra. Then implica-
tions —% and —T are given by the following tables:

a—b,0) if(i,5) = (0.0),

(
(1,0) ifa<bandi<yj, (a)
(a,i) =7 (b,5) =< (&,1) Ifb<aandi< j, (b)
(1,0) Ifa<bandi>j, (c)
(2,-1) Ifb<a,i>jand (i,5) # (0.0). (d)
and
(1,0) ifa<bandi=j=-1 (e)
(2,1) ifb<aandi=j=-1 (f)
(a,i) =™ (b,7) =< (1,0) ifa<bandi=j=1 (9)
(£,1) ifb<aandi=j=1 (h)
(a,i) =7 (b,j) otherwise.

Proof. Now we calculate —7
(a) If @ < b, suppose that (i,j) = (0,1), then

(a1), (0,9)) € K (10,1 x [0,1])).
Therefore,

(c—d,0):c<a,b<d}
1,0):c<a,b<d}

(ai) =7 (b.5) =\
A

= (
If (i,7) € {(-1,0), (-1, 1)} t
(b) If b < a, suppose that (i,7) = (0,1) . Therefore,
(a,0) =7 (b,1) = /\{(c—>d,0) ce<a,b<d}
:/\{(%,0) :b<d§c§a}
b

he proof is similar.

Q
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If (4,5) € {(—1,0),(—1,1)} the proof is similar.
(¢c) Ifa<band (i,j) = (—1,—1),
(a,—1) =7 (b,—1) \/{ck ra<ecd<b,
k € {0, —1} le{o 1}}
:\/{a—l 7(d,1):d <b, 1 €{0,1}}
=\/{(1,0):d<b, 1€{0,1}}
— (1,0).

If (4,5) € {(0,-1),(1,0),(1,1),(1,—1)} the proof is similar.
(d) Ifb<aand (i,j) = (—1,-1),

(a,—1) =7 (b,—1) =\/{(a,~1) =7 (d,1) : d <b, 1 €{0,1}}
=V {(1) d<b}

= __1)

If (4,4) € (i,4) € {(0,-1),(1,0),(1,1),(1,—1)} the proof is similar.

Since —° and —7T coincide in

& (0.1 x [o, 1])U> uo (([0, 1% x [0, 1])0)

we only have to prove (e)(f)(g)(h).
(e) Since a < b,

(a,—1) =7 (b,—1) {(c,k) =™ (b,—1):c<a<b, ke{0,1}}
0

(f) Since b < a,

(a,=1) =™ (b,=1) = A\{(e,k) =™ (b,=1):c<a, k€ {0,1}}
= N\{(c.k) =7 (b,=1) :c < a, k €{0,1}}
= A{(& -1):b<ec<a}u{(1,0)}
=(31)-
(g) and (h) follow in a similar way. O

Corollary 13. The product and the implications of P are not smooth
operators.
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Theorem 14. Neither P° nor P™ are BL-algebras.

Proof. In neither case the equation a®(a — b) = b® (b — a) is satisfied.
For P? consider

(2007 ((2:0) =7 (3:1) = (3. 1) " (1.0)

and

For the case of P™ consider

(3: -1+ ((3:-1) =7 (

D=
—_
~—
~—
I
—~

and

O
Summarizing the results of this section, we get the following proposition
(see Fig. 3).

Proposition 15. Let V be a subvariety of LIIG. Then the following
statements are valid:

1. V is o-canonical and mw-canonical if and only if it is generated by a
finite set of finite algebras.

2. If V is not generated by a finite set of finite algebras, then V is not
o -canonical

3. If V is not generated by a finite set of finite algebras, then:

(a) IfV has a non trivial product BL-algebra then V is not w-canoni-
cal.

(b) If there is some n > 1, such that S¢ € V then V is not m-
canonical.
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